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View-Dependent Rendering for Polygonal Datasets
Jihad El-Sana (Ben-Gurion University of the Negev), Leila De Floriani (University of Genova),
Enrico Puppo (University of Genova), Arik Shamir(The Interdisciplinary Center)

Proposed Length: Half-day.
Synopsis:
Recentadvancesin three-dimensionalshapeacquisition,simulation,anddesigntechnologiesoften
leadto thegenerationof datasetsthatarebeyondtheinteractive renderingcapabilitiesof thecur-
rentgraphicshardware. In orderto bridgethe increasinggapbetweenhardwarecapabilitiesand
graphicsdatasetsize,methodsareemployed to reducethe complexity of the geometricdatasets
while keepingtheir visual appearance.Multi-resolutionhierarchiesandview-dependentrender-
ing have beenintroducedto enablevariouslevels of detail to seamlesslyco-exist over different
regionsof the samesurface. Theselevelsof detail dependon parameterssuchasview location,
illumination,andspeedof motionandaredeterminedper-frame.

This tutorial will focuson describingtechniquesto constructmulti-resolutionhierarchiesfor
geometricobjects,andutilizing thesehierarchiesto acceleraterenderingandtransmissionof large
polygonaldatasets.It is intendedfor thosewho have anunderstandingof thebasicsof 3D graph-
ics and analysisof algorithms. The goal of the tutorial courseis to exposeboth studentsand
professionalsto variousadvancedtechniquesandalgorithmsto acceleratethe renderingof large
polygonaldatasetsthroughtheuseof multiresolutionhierarchies.

The proposedtutorial shall start by presentinglevel of detailsand multi-resolutionhierar-
chiesin the generalframework, thenit coversthe recentlydevelopedview-dependentrendering
approacheswhich includemulti-triangulation,generalizedview-dependentrendering,andmulti-
resolutionhierarchiesfor dynamicobjectsandscenes.Lastly, it will introduceadvancetechniques
suchasview-dependentrenderingover network and integratingview-dependentrenderingwith
occlusionculling.

Sincethetutorial presentsseveralview-dependentrenderingalgorithms,it will cover in depth
first theconstructionof thedata-structureswhichareusuallycreatedoff-line, andsecond,thereal-
time navigation which utilizes thesestructuresonline to extract appropriatelevel of detailsfor
renderingbasedon view-parametersandillumination.

Prerequisites: Understandingof thebasicsof 3D graphicsandscientificvisualizationtechniques.
Tutorial Syllabus

– Introductionto thecourse(El-Sana)5 minutes

– TheMulti-Triangulation:A Framework for MultiresolutionTriangleMeshes(De Floriani)

– GeneralizedView-DependentRendering(El-Sana)

– DynamicMulti-ResolutionHierarchies(Shamir)

– Client/ServerView-DependentRendering(Puppo)

– IntegratingView-DependentRenderingwith OcclusionCulling (El-Sana)
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View-Dependent Rendering
Introduction

Jihad El-Sana

Department of Computer Science 
Ben-Gurion University of the Negev

Beer-Sheva Israel 84105

Motivation

In real time visualization we often require
– Realism
– Interactivity

However 
– Realism requires detailed representation which 

demands large number of polygons
– Rendering time is proportional to size of the 

rendered dataset.
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Solutions

Software and algorithmic solutions try to 
reduce the complexity of polygonal datasets 
in a smart manner.

• Level-of-detail rendering
– Discrete levels of detail
– Continuous levels of detail

• Occlusion culling
• Image-based rendering

Discrete Level of Detail

• Fixed level of detail
• Far objects are represented in 

low resolution
• Close objects are represented 

in high resolution

Resolution in term of 
vertices and polygons
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Continuous Level of Detail

• Multi-Resolution Hierarchies that encode the various 
level of detail

• Continuous means: The difference between two levels 
of detail could be only one simplification operation.

• Edge Collapse based approaches 
– Progressive Meshes (Hoppe 96)

• Non Edge Collapse based approaches
– Multi-Triangulation (De Floriani et al)
– Vertex Tree (Luebke 97)

However ..

Large datasets consist of few objects
– Low resolution is not appropriate for close-to-

viewer regions.
– Unutilized high resolution for far regions may 

affect interactivity.
Also what about? 

– Light position, visual acuity, silhouettes, and 
view direction. 
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View-Dependent Rendering

• View-dependent rendering algorithms construct 
multi-resolution hierarchies off-line

• At run time the constructed hierarchies are used to 
extract an appropriate level of detail for rendering 
base on
– View position and direction
– Illumination 

• It can also
– Emphasize Silhouette 
– Take into account back-facing triangles.

View-Dependent Rendering

• Accelerate rendering
• Different level of detail 

over the same surface
• Smooth transition of 

resolution
• Coherence between 

consecutive frames
• Transparent to users
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View-Dependent Rendering
• View-Dependent Rendering For Height Fields

– A Hierarchical triangle-based model for terrain description, 
De Floriani at al 93

– Fast multiresolution surface meshing, Gross et al 95
– Real-time, continuous level of detail rendering of height 

fields, Lindstrom et al 96
– A fast algorithm for selective refinement of terrain meshes, 

Brown 96
– ROAMing terrain: Real-time optimally adapting meshes. 

Duchaineau,at al 97

View-Dependent Rendering
• Geometric (Topology Preserving) Simplification

– Hierarchical Triangulation for Multiresolution Surface 
Description, De Floriani at al 95 

– Adaptive Real-Time Level-of-detail-based Rendering for 
polygonal models, Xia et al 97

– View-dependent refinement of progressive meshes, Hoppe 97
– Interactive multiresolution mesh editing.Zorin et al 97
– Generation of multiresolution models from CAD data for real 

time rendering, Klein at al 97
– Simplicial maps for progressive transmission of polygonal 

surfaces, Gu´ eziec et al 98
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View-Dependent Rendering
• Topology Simplification

– View-dependent simplification of arbitrary polygonal 
environments, Luebke et el 97

– Generalized view-dependent rendering, El-Sana et al 99
• Over Networks

– Dynamic view-dependent multiresolution on a client-server 
architecture, De-Floriani et al 2000

– Multi-user view-dependent rendering, El-Sana 2000
– Remote view-dependent rendering, El-Sana 20001
– A stateless client for progressive view-dependent 

transmission, Southern at al 2001

View-Dependent Rendering
• External Memory

– Smooth view-dependent level-of-detail control and its 
application to terrain rendering, Hoppe 98

– External memory view-dependent simplification, El-Sana 
et al 2000

• Texture Mapping
– Rendering of multiresolution models with textures, 

Schilling et al 98 
– Texture mapping progressive meshes, Sander et al 2001
– AGSphere:Multiresolution structure for complex geometry 

with texture, Kim at al 2001
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View-Dependent Rendering
• Dynamic View-Dependent Rendering

– Multiresolution dynamic meshes with arbitrary deformation. 
Shamir et al 2000

• Other Work
– Efficiently computing and updating triangle strips for real-

time rendering, El-Sana et al 99
– Truly selective refinement of progressive meshes. Kim et al 

2001
– Integrating occlusion culling with view-dependent rendering, 

El-Sana et al 2001
– FastMesh: Efficient view-dependent meshing, Pajarola 2001
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The Multi-Tessellation:
a Framework for Multiresolution Mesh 

Representation

Leila De Floriani

Department of Computer and Information Sciences
University of Genova, Genova (Italy)

http://www.disi.unige.it/research/Geometric_modeling/

2 Eurographics 2002

The Multi-Tessellation (MT)

• A collection of mesh modifications describing small portions 
of a spatial object at different LODs

• Suitable dependency relation that allows selecting subsets of 
modifications (according to application-dependent criteria)

• Properties:
• independent of the properties of the modifications
• based on a “natural” notion of dependency
• dimension-independent
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Introduction
• Multiresolution geometric models support representation and 

processing of spatial objects at different Levels-of-Detail 
(LODs)

• Applications: terrain modeling, virtual reality, scientific data 
visualization, etc.

• Multiresolution geometric models are based on a 
decomposition of a spatial object into cells forming a mesh

• Accuracy of a mesh in representing a spatial object related to 
the number and to the density of the cells in the mesh: 
resolution of the mesh

• It is often necessary to locally adapt the accuracy of a mesh  in 
different parts of the object: variable-resolution meshes

4 Eurographics 2002

Introduction

• Two ways of computing a mesh at a certain (variable) 
LOD:
1. on-the-fly construction  through simplification 

techniques
2. use of a multiresolution model

• Multiresolution model= data structure built off-line which
• preprocesses and organizes a collection of alternative mesh 

representations of a spatial object
• can be efficiently queried according to parameters specified 

by an application task to extract adaptively refined meshes 
on-line
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A multiresolution model for a triangulated 
surface

Multiresolution 
Model

6 Eurographics 2002

A multiresolution model for a 3D scalar field

Multiresolution
Model
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Multiresolution models

• Existing multiresolution models:
• Designed for specific classes of applications (e.g., 

visualization, terrain modeling, etc.)
• Designed for performing only some operations efficiently
• Usually rely on specific construction strategies

• Requirements for a multiresolution model:
• low overhead with respect to storing the mesh at full 

resolution
• support powerful and efficient algorithms for selective 

refinement, i.e.,  extraction of variable-resolution meshes

8 Eurographics 2002

Overview

• Background notions:
• Simplicial meshes
• Modification in a simplicial mesh

• The Multi-Tessellation:
• Definition
• Instances of the Multi-Tessellation

• Selective refinement queries
• Techniques for selective refinement 
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Simplicial meshes

• A k-dimensional simplex (or k-simplex) σ in Ed: locus of the 
points in Ed that can be expressed as the convex combination of 
k+1 linearly independent points.

• Such points are called vertices of σ

• Given a k-simplex σ, any s-simplex τ generated by a subset of 
s+1<= k vertices of σ is called an s-face of σ.
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Simplicial Meshes

• A finite collection Σ of simplexes is a (conforming) simplicial
mesh when  the following conditions hold:

1.for each simplex σ ∈ Σ, all faces of σ belong to Σ.
2. for each pair of simplexes σ and τ ,either σ∩τ = ∅ or σ∩τ is 
is a face of both σ and τ.

If d is the maximum of the orders of the simplexes of Σ,then d
is the order of Σ, and Σ is a d-simplicial mesh.

2D simplicial meshes A set of simplexes not forming a mesh
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Simplicial meshes with a manifold domain

• Carrier (or domain) of  a mesh Σ, denoted D(Σ): union as a point-
set of the cells of Σ

• We consider simplicial meshes with a manifold domain

• Every k-simplex, with k<d, is generated by a subset of vertices of 
some d-simplex

a triangle mesh in E2
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Non-conforming simplicial meshes

• Non-conforming simplicial meshes are collections of simplexes  
such that the intersection of two simplexes σ and τ does not 
necessarily consist of simplexes belonging to both σ and τ

• Examples of non-conforming meshes:

• Examples of  conforming simplicial meshes:
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Simplicial meshes as the basis for
surface approximation

• (Conforming) simplicial meshes are a way of ensuring a crack-
free  surface approximation
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Modifications in a mesh

A modification of a mesh Σ: pair of meshes  M=(Σ1, Σ2) 
• Σ1 is  a sub-mesh of Σ
• Σ2 replaces Σ1 in Σ by filling the hole left by Σ1. 
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Conforming modifications in a mesh

• A modification M=(Σ1, Σ2) is conforming when
• Σ1 and Σ2 are conforming meshes
• the combinatorial boundary of Σ1 consists of the same set of 

cells as that of Σ2.

16 Eurographics 2002

Conforming modifications and
simplicial meshes

• A (conforming) modification applied to a simplicial mesh may 
generate intersection of simplexes

• The result of applying a conforming modification to a simplicial
mesh, if it is a mesh, is a (conforming) simplicial mesh.
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Properties of modifications

• A modification M=(Γ1,Γ2) is a refinement modification if Γ2 has 
more cells than Γ1; it is a coarsening modification, otherwise.

• Notation
– for a refinement: M=(M-; M+)
– for a coarsening: M=(M+; M-)

Note: in what follows we will usually use refinement
modifications

18 Eurographics 2002

The Multi-Tessellation

• Γ0:  a d-dimensional mesh  (called the base mesh)
• {M1, M2,…,Mh}: a set of d-dimensional conforming refinement 

modifications such that for any cell σ in Mi
-, σ belongs either to Γ0 or to  

exactly one Mj
+  (with j≠i)
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The Multi-Tessellation: 
dependency relation

• A modification Mj directly depends on a modification Mi, with 
i≠j,  if Mj removes some d-simplex introduced by Mi

Example:
• M1 depend on M0

• M3 directly depends on both 
M1 and M2
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Multi-Tessellation as a DAG

• If the transitive closure < of the 
dependency relation is a partial 
order, then 
M=(Γ0, {M1, M2,…,Mh} ,< ) is a 
Multi-Tessellation (MT).

• MT described by Directed Acyclic
Graph (DAG) in which nodes are 
modifications and arcs direct 
dependency links
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Closed subsets of modifications and 
extracted meshes

• A subset S of modifications in an MT is closed  (with respect to  
the partial order) iff
for each modification Mj in S, all modifications on which Mj

depends, are in S

• A closed subset S plus the base mesh Γ0 define a collection of 
cells ΓS: result from applying the modifications in S to Γ0. 

• If ΓS is a mesh, then ΓS is called the extracted mesh associated 
with S

22 Eurographics 2002

A Closed Subset and the Corresponding 
Extracted Mesh
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Reference Mesh
Any sequence of modifications in  M corresponding to a total order 
extending < produces the  mesh at full resolution, called the 
reference mesh
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The Multi-Tessellation as a 
general framework

• Multiresolution meshes proposed in 
the literature differ in
• the type of modifications involved
• the properties of the dependency relation

• Multiresolution meshes can be 
classified into:
• Nested models: modifications expand just 

a single cell and are not conforming
• Non-nested models: modifications affect 

several cells and are conforming
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Hierarchy of right triangles 
[Lindstrom et al., 1996; Evans et al., 1997; Duchaineau et al., 

1997; Pajarola, 1998]

• Subdivision rule: replace a triangle σ with two triangles 
obtained by splitting σ through the midpoint of its longest edge.

• Corresponding conforming modification obtained by clustering
the two triangles sharing the edge to be split

26 Eurographics 2002

A hierarchy of right triangles as an MT

Each node (with the exception of boundary nodes) has two
parents and four children
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A hierarchy of right triangles as an MT

A variable-resolution mesh extracted from a nested model 
based on triangle bisection
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Hierarchy of tetrahedra
[Rivara and Levin, 1992; Maubach, 1994; Zhou et al., 1997; Ohlberger

and Rumpf, 1997; Gerstner et al., 1999-2000; Lee, et al., 2000]

• It consists of bisecting a tetrahedron  along its longest edge

• It generates three classes of congruent tetrahedral shapes from 
an initial subdivision of the cubic domain into six tetrahedra

1/2 pyramid 1/4 pyramid 1/8 pyramid
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Conforming modifications defined by 
tetrahedron bisection

Three types of clusters of tetrahedra around a bisected edge

a cluster of a cluster of 
1/2 pyramids 1/8 pyramids

a cluster of
1/4 pyramids
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Irregular multiresolution models

• Models based on vertex insertion/removal in 2D
[De Floriani, 1989; de Berg and Dobrindt, 1995; Cignoni et al., 1995; 
Brown, 1996/97; Klein and Strasser, 1996; Klein and Gumhold, 1998; 
Puppo, 1996; De Floriani et al., 97/98/2000]

• Models based on vertex insertion/removal in 3D         
[Cignoni et al., 1994; De Floriani et al., 1995]
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Irregular multiresolution models

• Models based on vertex split/edge collapse in 2D
[Hoppe, 1996/97/98; Xia et al., 1996/97; Gueziec et al., 1998; Kobbelt
et al., 1998; El-Sana and Varshney, 1999]

• Models based on vertex split/edge collapse in 3D
[Gross and Stadt, 1998; Popovic and Hoppe, 1997; Cignoni et al., 
2002; Danovaro and De Floriani, 2002]
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Models based vertex insertion/removal
• Progressive models: keep just the sequence of 

modifications performed in refinement or decimation 
[Klein and Strasser, 1996]

• Layered models: keep a collection of meshes plus 
interference links among consecutive levels                    
[De Floriani, 1989; de Berg and Dobrindt, 1995; Cignoni et al., 1994; 
De Floriani et al., 1995]

• DAG-based models: the DAG is  explicitly encoded
[Brown, 1996/97; Klein and Strasser, 1996; Klein and Gumhold, 
1998; Puppo, 1996; De Floriani et al., 97/98/2000]
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Models based vertex split/edge collapse
• Progressive models: keep just the  reverse sequence of 

modifications performed in mesh decimation through edge 
collapse
[Hoppe, 1996; Gross and Stadt, 1998; Popovic and Hoppe, 1997]

• Vertex hierarchies: a vertex depends on the vertex that has been 
split to create it plus a few neighboring vertices              
[Hoppe, 1997; Xia et al., 1997, Gueziec et al., 1998; El Sana and 
Varshney, 1999; Cignoni et al, 2002]
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Models based on vertex split/edge collapse
• Two types of dependencies (in both case DAG of vertex 

dependencies, in some proposals implicitly encoded):

• Hoppe, 1997

• Xia et al., 1997, Gueziec et al., 1998; El Sana and Varshney, 
1999; Cignoni et al, 2002
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Selective refinement queries 
on a Multi-Tessellation

• Extract from a multiresolution model a mesh satisfying 
some application-dependent requirements based on 
LOD

uniform high resolution
uniform low resolution

high resolution just in the head
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Level-Of-Detail (LOD)

• LOD criterion τ: Boolean function defined over the d-simplexes 
σ of an MT
τ(σ) =true if σ satisfies the LOD requirements

• A mesh satisfies a given LOD criterion τ if and only if
τ(σ)= true for all d-simplexes σ of Γ

• An approximation error is usually associated with the d-
simplexes of an MT: distance, according to some metric, with 
respect to a reference surface (or hypersurface)



37 Eurographics 2002

Examples of LOD criteria

• Uniform LOD: 
– τ(σ)= true if the error associated with σ is less or equal to a 

constant threshold ε
• Variable LOD: 

– τ(σ)= true if the error associated with σ is less or equal to the 
maximum over σ of a threshold function φ defined at each 
point of the domain (e.g., a view-dependent function)

• Special case of variable LOD for scalar fields:
– the threshold function φ depends on the value of the field at 

each point of the domain (e.g, φ(p) small at a set of interesting 
field values, large otherwise)

38 Eurographics 2002

Examples of LOD criteria on a terrain

Variable LOD based 
on a range of field 
values

Uniform LODs

Variable LOD based 
on a region in the 
domain
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Example:uniform LOD meshes from
a 3D scalar field

• Error threshold: 0.5% of the absolute range of the field value
• Size of the extracted mesh: 44.7% of size of the full resolution mesh

40 Eurographics 2002

Example: variable LOD based on 
a region of interest

• A mesh with a small approximation error inside a given region of 
interest (0.1% of the field value within the box)

• Size of the extracted mesh: 6 % of the size of the mesh at uniform LOD 
with error equal to 0.1%
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Example: variable LOD based on 
the field value

• Error threshold on the tetrahedra intersected by isosurface of value 
1.27: 0.1% of the range of the field values

• Size of the extracted mesh: 26% of the size of the mesh at uniform 
LOD with error equal to 0.1%
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Selective Refinement Query

Given a Multi-Tessellation M and a LOD criterion τ
• extract from M the mesh of minimum size ΓS

satisfying τ
or, equivalently,

• extract from M the mesh ΓS associated with the 
closed subset  S of minimum cardinality such that 
ΓS satisfies  τ
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Algorithms for selective refinement 

• Top-down approach: extract the mesh through a top-down 
DAG traversal

• Incremental approach: update a previously extracted mesh 
through local refinement or local coarsening

• Pictorial Notation:

red = modification M such that τ(M-)=false

green = modification M such that τ(M)=true

dotted blue line =  current set S

Remark: We need to apply all red modifications
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Top-down approach

• Initialization step:
– set S = empty 
– current mesh ΓS =  Γ0
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Top-down approach
• Generic step:

– Add a red modification M to S
– If set S U {M} is not closed, then 

add all modifications preceding M 
in the partial order
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Top-down approach: implementation issues

• It can be efficiently implemented as a depth-first traversal
(e.g., in the case of hierarchies of triangles or tetrahedra)

• If a LOD criterion based on approximation error is used, 
it is often implemented by using  a priority queue ordered 
according to decreasing error values
• modifications with a largest error value are performed first
• the resulting algorithm is interruptible (i.e., intermediate 

steps produce approximations of the resulting mesh)
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Incremental approach
• Initialization step:

– set  S = the set of modifications  generated by a previous query
– current mesh ΓS: mesh corresponding to S

Red modifications  must be added, green modifications must be 
removed
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Incremental approach

• Generic step: 
update set S and mesh ΓS by adding red modifications, and all those 
modifications that are necessary to maintain S a closed set
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Incremental approach

• Generic step: 
update set S and mesh ΓS by removing green modifications M such 
that S\{M} is a closed set

• Remark: usually implemented by using two priority queues
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Basic primitives for selective refinement

• Acceptance_Test: 
given a modification M, evaluate if M- satisfies a given LOD 
criterion τ

• Feasibility_Test: given a closed set S, decide
• if a modification M not in S can be added to S
• if a modification M in S can be removed from S

• Dependency_Retrieval:
retrieve all modifications which must be added to S in order to make 
the insertion of a modification M feasible

• Current_Mesh_Update:
• add  a modification M to S and refine mesh ΓS

• Remove a modification M from S and coarsen mesh ΓS
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Optimality Issues

• Top-down approach always returns 
the mesh of minimum size satisfying 
the LOD criterion

• Incremental approach returns a mesh 
of minimum size provided that M
does not contain any modification M 
such that M- satisfies τ and M+ does 
not satisfy τ

• For error-based LOD criteria: 
provided that the error monotonically 
decreases at each modification
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References: survey papers

• Triangle meshes:
L.De Floriani, P. Magillo, Multiresolution meshes: Models and data 
structures, Principles of Multiresolution Geometric Modeling
(M.Floater, A.Iske, and E.Qwak (editors)), Lecture Notes in 
Mathematics, Springer-Verlag, 2002. 

• Irregular tetrahedral meshes:
E. Danovaro, L.  De Floriani, P. Magillo, E. Puppo, Data Structures 
for 3D Multi-Tessellations: an Overview, Proceedings Dagstuhl
Scientific Visualization Seminar (F.H.Post, G.P.Bonneau, and 
G.M.Nielson (editors)), Kluwer Academic Publishers, 2002. 

• See also
• attached list of references
• http://www.disi.unige.it/research/Geometric_modeling/
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Generalized View-Dependent 
Rendering
Jihad El-Sana
(with A. Varshney)

Department of Computer Science
Ben-Gurion University of The Negev

Beer-Sheva, Israel

2

View-Dependent Rendering
• Different levels of detail across different regions 

of object of the same object
• Seamless merge of the different levels of details 
• Vertex hierarchies (forest)

1

1

2

2

3 3
3

1

2
3
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Topology Simplification

• Aggressive simplification

• Variable topology simplification

• Connect different objects

• View-Dependent  simplification

• Efficient foldover prevention policy

• Real-time

4

Topology Simplification

• Extend edge-collapse to vertex-pair collapse 
• Eliminate dependencies lists
• Accept general datasets 

� Handle Non-Manifold, and multiple objects

• Real-time geometry and topology Simplification
• Treat simplification metric as a parameter
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Vertex-Pair Merge

H

G

P
Vertex 

Collapse

Vertex Split

H

G
P

Vertex-Pair 
Merge

Vertex Split

• Connected Via
Edge

• No Connection: 
A virtual edge is constructed 
in order to detect the pair to 
merge.

6

Virtual Edges

• Subdivide the dataset into patches
� Initialize each triangle to a patch
� Merge two patches that:

– Share at least one edge
– Their normals differ in less that threshold

• Construct Delaunay triangulation using only 
the vertices on the boundary of the patches
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Geometry and Topology

• Geometry Simplification First
� Topology-preserving geometry simplification
� Topology simplification

• Equal Preference
� Treat Topology-preserving and Topology-

reducing simplification on an equal basis
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Vertex-Pair Merge: Before

u v

d

j

c

b
ig

h

e
f

a

u:{i, e, h, g, f, a} v:{d, b, c, j, i, a}
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Vertex-Pair Merge: After

P

d
j

c
bg

h

e
f

P:{e, h, g, f, d, b, c, j}
u:{i:0,a:5} v:{i:4,a:5}
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View Dependence Tree

• Supply a “sound” display metric
• Construct the virtual edges set
• Build a heap of all the edges (virtual and 

real) using the given metric.
• While not empty (heap)

� Extract minimum edge
� Collapse its two vertices 
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Levels of Detail

• Levels in view-dependence 
tree represent levels of detail

• Off-line construction of 
View-dependence trees

• Real-time re-triangulation

2

3

4

1

12

Spline Metric

Va

Va

• Based on a cubic Spline  

• Simulate curved surfaces

• Combines position and  normal of vertices

• Easy and fast to compute 
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Computing Spline Metric
Na

Nb
Ta

Tb

Tangent vectors are  
estimated based on the 
approximated normals
of the merged vertices

The tangent 
magnitude is 
carefully selected 
to avoid 
undesired cases
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Selected Results

13.5K triangle 8.2K triangle 6.9K triangle

2.0K triangle 0.2K triangle
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Simplification Factors 

• Prevent foldovers
� Implicit Dependencies

• Screen-space projection
• Local illumination
• Visibility culling
• Silhouette boundaries
• Level of detail transfer function

16

Adapt Traversal

for each active node n do
switch(NextStat(n)){ 

case SPLIT : if ( CanSplit(n))
Split(n);

case MERGE: if ( CanMerge(n) && 
CanMerge(Sibling(n))
Merge(n);

case STAY    : // No Change on the active-nodes list 
}                 
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Need for Dependencies

D
v1

v2

v4

C
v1

v4

B

v1

v4

v3
A

v1
v2

v4

v3
(v2,v1)

(v3,v4) (v3,v4)
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Implicit Dependencies

5 3

6 2

1

4

9

10 7

8
5 3

6 2

1

4

11

7

8

10

9

5 3

6 2

1

4

13

(9,10) 11

(7,8) 12 (11,12) 13

10
5 3

6 2

1

4

11 12
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9 8
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9
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11

8
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Implicit Dependencies

• Parent id is larger than its children id-s
• Node id is unique integer
• Vertex Split

� Its id is greater than the id of all its neighbors 
• Vertex-Pair Merge (u,v) 

� Its parent id less than the id of neighbors of the 
two vertices (u,v) 

20

Active Nodes List

Low Detail

High Detail

� List of view-dependence tree 
nodes

� Initialized to the root list

� Update
� Vertex Split

� Vertex-Pair Merge
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Active Triangles List

• Initialized to triangles adjacent to roots
• Add triangles

� Vertex Split
• Remove triangles

� Vertex-Pair Merge
• Update triangle

� Vertex Split
� Vertex-Pair Merge

22

Real-Time Merge/Split

CAT:{d,j,c,b,i,a}

Np

Na

CAT:{i,g,h,e,f,a}
PAT:{i:0,a:5}

Nb

PAT:{h:1,f:3}

PAT:{i:0,a:5}

Merge

Split

CAT:{g,h,e,f,d,j,c,b}

SINp

Na Nb

PAT:{h:1,f:3}

PAT:{i:0,a:5} PAT:{i:0,a:5}
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Results

Full Resolution Front Back

The hole on the back
disappeared (simplified) 

Side
View

24

Results

Close-to viewer Far-From viewer
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Client/Server View-dependent Rendering

Enrico Puppo

Department of Computer and Information Sciences
University of Genova, Genova (Italy)

http://www.disi.unige.it/research/Geometric_modeling/

2 Eurographics 2002

The Client/Server Scenario

performs visualization

Mesh data

LOD query
manages

multiresolution model

Client Server
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Constraints
Client has limited on-board memory and processing power

the whole multiresolution model cannot be transferred 
from server to client

Selectively refined mesh may change from frame to frame
client needs to send LOD parameters to server 
server needs to extract and transmit a new mesh to client 
in real time

Communication channel has low bandwidth
a whole selectively refined mesh cannot be transmitted in 
real time

Reducing communication time is the issue!
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Solution

• Client loads and maintains only a current mesh
• Server performs selective refinement and sends to client 

only updates needed to modify the current mesh

What we need:
Dynamic selective refinement algorithm
Synchronized data structures at Client and Server sides
Efficient encoding to minimize the size of transmitted 
updates
Caching policy to minimize the number of transmitted 
updates
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Outline

• Dynamic selective refinement algorithm (stand-alone)
• Dynamic selective refinement algorithm (client/server):

• Transmitted Updates
• Caching
• The Client process

• Data structures:
• Updates
• Multi-Triangulation
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Dynamic selective refinement algorithm

• S is a closed subset of nodes (in the MT)
• ΓS is the corresponding mesh (current mesh)
• S (and ΓS) must be updated according to new LOD 

criterion τ
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Dynamic selective refinement algorithm

Algorithm SelectiveRefinement
loop

(τ  , b) := getQueryParams();

CONTRACTION();

REFINEMENT();

end loop

LOD criterion

Max mesh size

Sweep front backward 
where possible

Sweep front forward 
where necessary

8 Eurographics 2002

Effects of front sweep

• A forward sweep of the 
front in S across a node 
produces a refinement 
update in ΓS

• A backward sweep of the 
front in S across a node 
produces a coarsening 
update in ΓS

Forward sweep

Backward sweep
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Contraction phase

• Initialize a priority queue Q with the leaves of S

• Higher resolution ⇒ higher priority

• Extract nodes from Q and eliminte them if either their 
resolution is too refined or the size of the mesh is too large

• For each node eliminated, update ΓS accordingly 

• If a node become a leaf then add it to Q

• Stop when Q becomes empty
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Procedure CONTRACTION()
EMPTY(Q);

for all M in LEAVES(S) do INSERT( Q, M, τ(M-) );
while (not IS-EMPTY(Q)) and 

(|ΓS| > b or PRIORITY(MIN(Q))≤ 0) do
M : DELETEMIN(Q);
DELETE( S, M );
COARSEN( M );
for all M1 in PARENTS(M) do

if (IS-LEAF(S, M1)) and (M1 ≠ ROOT()) then
INSERT( Q, M1, τ(M1-) );

Contraction phase
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Expansion phase

• Initialize a priority queue Q with all nodes just below the 
front that do not satisfy LOD criterion

• Lower resolution ⇒ higher priority

• Extract nodes from Q and add them to S if  the size of the 
mesh is below maximum size

• If a node to be inserted has parents that do not belong ot S 
then add them recursively

• For each node inserted, update ΓS accordingly 

• Stop when Q becomes empty
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Procedure EXPANSION()
EMPTY(Q);

for all M ∉ S that have a parent in S do
if τ(M-)>0 then INSERT( Q, M, -τ(M-) );

while (not IS-EMPTY(Q)) and  |ΓS| < b 
and PRIORITY(MIN(Q)) < 0) do

M : DELETEMIN(Q);
if not IS-IN(S,M) then RECURSIVEADD(M);

Expansion phase
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Procedure RECURSIVEADD(M)
for all M’ in PARENTS(M) do

if M’ ∉ S then RECURSIVEADD(M’);

if |ΓS| < b then
ADD( S, M );
REFINE( M );

for all M”∈ CHILDREN(M) do
if not IS-IN(S,M”) and τ(M”-)>0 then

INSERT( Q, M”, τ(M”-) );

Expansion phase
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Stand-alone implementation

A data structure for the MT that supports:
• CHILDREN, PARENT, ROOT

An extraction status that supports primitives on current set S:
• ADD, DELETE, IS-IN, LEAVES, IS-LEAF

A data structure for the current mesh ΓS that supports:
• COARSEN, REFINE
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The Stand-alone architecture
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Client/Server implementation

• Two concurrent processes running on different machines
• A bi-directional transmission channel
• The Server:

• maintains the MT and the Extraction status S
• executes the same selective reifnement procedure, but does 

not store and modify the Current mesh
• receives query parameters and modifies the Extraction status
• sends instructions on how to perform COARSEN and 

REFINE operations on the current mesh: 
• Refining Transmitted Updates (RTUs)
• Coarsening Transmitted Updates (CTUs)
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Client/Server implementation

• The Client:
• maintains the Current mesh ΓS

• sends query parameters
• receives Transmitted Updates
• updates the Current mesh
• renders the result

18 Eurographics 2002

The Client/Server architecture
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The Server process

Algorithm SelectiveRefinement
loop

(τ  , b) := getQueryParams();

CONTRACTION();

REFINEMENT();

end loop

Puts the process in a stand-by 
status until parameters are 
received from the Client

Produces and sends CTUs

Produces and sends RTUs
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Procedure CONTRACTION()
EMPTY(Q);

for all M in LEAVES(S) do INSERT( Q, M, τ(M-) );
while (not IS-EMPTY(Q)) and 

(|ΓS| > b or PRIORITY(MIN(Q))≤ 0) do
M : DELETEMIN(Q);
DELETE( S, M );
COARSEN( M );
for all M1 in PARENTS(M) do

if (IS-LEAF(S, M1)) and (M1 ≠ ROOT()) then
INSERT( Q, M1, τ(M1-) );

Contraction phase

A CTU is produced 
and sent here
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Procedure EXPANSION()
EMPTY(Q);

for all M ∉ S that have a parent in S do
if τ(M-)>0 then INSERT( Q, M, -τ(M-) );

while (not IS-EMPTY(Q)) and  |ΓS| < b 
and PRIORITY(MIN(Q)) < 0) do

M : DELETEMIN(Q);
if not IS-IN(S,M) then RECURSIVEADD(M);

Expansion phase
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Procedure RECURSIVEADD(M)
for all M’ in PARENTS(M) do

if M’ ∉ S then RECURSIVEADD(M’);

if |ΓS| < b then
ADD( S, M );
REFINE( M );

for all M”∈ CHILDREN(M) do
if not IS-IN(S,M”) and τ(M”-)>0 then

INSERT( Q, M”, τ(M”-) );

Expansion phase

A RTU is produced 
and sent here
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The Transmitted Updates

• In principle, a Transmitted Update must specify:
• a set of cells of the Current mesh to be deleted
• a new set of cells to replace them in the Current mesh

• Explicit encoding of sets of cells is too expensive
• If updates in the MT follow a specific kind of operation, a 

more compact procedural description can be used:
• TUs contain perameters that specify where and how to 

perform a specific update in the Current mesh 

• Operations for COARSEN and REFINE are conceptually 
different
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The Transmitted Updates

• Procedures at the Server:
• RTU-ENCODE(M) takes a MT node M and produces a 

RTU corresponding to update M+

• CTU-ENCODE(M) takes a MT node M and produces a 
CTU corresponding to update M–

• Procedures at the Client:
• RTU-DECODE(u) takes a RTU u and applies it to the 

Current mesh
• CTU-DECODE(u) takes a CTU u and applies it to the 

Current mesh
• RTU and CTU encoding mechanisms depend on the 

specific types of updates adopted in a given MT
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Types of updates

• Edge collapse / vertex split: edge-based MT
• Vertex insertion / removal: vertex-based MT

Details later
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Caching

• During interaction, certain parts of the mesh may be refined 
and coarsened multiple times

• Problem: avoid sending the same update many times
• Thin Client policy: a Client with small memory 

• the Client maintains some TUs it receives in a local cache 
with limited capacity

• the Server mirrors the cache and sends either complete TUs, 
or just a reference to the local cache

• Fat Client policy: a Client with large memory 
• the Client builds a (partial) copy of the MT as updates are 

received
• the Client mirrors the selective refinement algorithm



27 Eurographics 2002

Operations on Cache

• Server cache:
• MEMBER(M) tells whether or ot a node M is in cache
• ADD-NODE(M) inserts a node into cache (overflow 

management)
• GET-CODE(M) gets a key code for a node in cache 

• Client cache:
• ADD-UPDATE(u) inserts the decription of an update into 

cache (overflow management)
• GET-UPDATE(key) gets the description of an update from 

cache 
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Procedure REFINE(M)
if MEMBER(M) then

transmit CACHED-TU(GET-CODE(M))
else

ADD-NODE(M);
transmit RTU-ENCODE(M);

Procedure COARSEN(M)
if MEMBER(M) then

transmit CACHED-TU(GET-CODE(M))
else

ADD-NODE(M);
transmit CTU-ENCODE(M);      

Server procedures
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Client process

• Initialization plus main loop
• At each cycle:

• Query parameters are sent to the Server 
• A sequence of CTUs is received
• Each CTU is either obtained through deconding or retrieved 

from client cache
• Corresponding updates are performed on the current mesh
• A sequence of RTUs is received
• Each RTU is either obtained through deconding or retrieved 

from client cache
• Corresponding updates are performed on the current mesh
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Initialize;
loop
sendQueryParams (τ  , b);
receive msg;
while msg ≠ STOP do
if CACHED-TU(msg,ck) then u := GET-UPD(ck)
else 
u := CTU-DECODE(msg);
ADD-UPDATE(u);

COARSEN(u);
receive msg;

..........  // analogous code for RTUs 

Client process
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Data structures

• MT (Server)
• Extraction status (Server)
• Current mesh (Client)
• Cache (Client and Server)
• Translation tables (Client and Server): used during 

encoding/decoding of Tus to relate data structures on the 
two processes

Key issue: representation of updates

32 Eurographics 2002

Vertex-Based Updates

• Refining Update M+: vertex insertion

• Coarsening Update M– : vertex removal
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Representing Vertex-Based Updates

Information for performing M+ (inserting vM):
• Patch identification: find the triangles of M–

• Deleting such triangles leaves an empty region bounded by a 
star-shaped polygon πM

• Polygon πM is triangulated by a fan of triangles centered at vM 
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Representing Vertex-Based Updates

Information for performing M– (removing vM):
• Deleting triangles incident at vM leaves an empty region 

bounded by a star-shaped polygon πM

• Boundary re-triangulation: polygon πM must be triangulated 
by triangles of M–
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Representing Vertex-Based Updates

• Patch identification and Boundary re-triangulation are the 
crucial steps

• A unique mechanism to represent them both
• Store: 

– one of the edges of πM (reference edge) 
– a bitstream that describes the triangulation of πM

• The reference edge is used to initilize traversal of the 
current mesh

• The bitstream drives traversal through triangle adjacencies
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Representing Vertex-Based Updates

• Klein & Gumhold [1998]: store all triangulation patterns 
for a polygon in a table, identify one triangulation by an 
index to the table

• Andujar & De Floriani [2001]: as above, but don’t store 
the table, provide an algorithm to decode the triangulation 
from its index 

• De Floriani et al. [2000]: encode a sequence of ear cuts 
necessary to triangulate the polygon

• Taubin et al. [1998]: polygon encoding in the context of 
progressive transmission of large triangle meshes



37 Eurographics 2002

An example: Method by Taubin et al.

• Let γ be the triangle of M– adjacent to the starting edge eM

• Generate a code of two bits for γ
– first bit = 0 if the part of M-

lying to the left of γ is empty, 
1 otherwise

– second bit = 0 or 1 applying 
the same rule to the right part 

• Recursively activate the process on each non-empty part
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An example: Method by Taubin et al.

• Reconstruct M– inside polygon πM
– create first a triangle at the starting 

edge, then create other triangles 
edge-adjacent to already created 
triangles

– sew the triangulation to its 
boundary πM

Use the bitstream to support Patch identification

• Recognize M- on the current mesh ΓS
– traverse ΓS from the starting edge, moving from one triangle to 

another through edge adjacencies
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Representing Vertex-Based Updates

Length of the bit stream:

• Klein & Gumhold [1998]:  13 bits + space for the table
• Andujar & De Floriani [2001]: 7 bits 
• De Floriani et al. [2000]:  10 bits
• Taubin et al. [1998]: 8 bits
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• Encode dependencies by representing the DAG
• Link each modification M (node) to:

– its direct ancestors
– its direct descendants 

• Space complexity
– each arc is represented twice: 2a node references, where a = 

number of arcs in the DAG

Representing the MT
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Integrating Occlusion Culling 
with View-Dependent Rendering

Occlusion Culling

A polygon may be invisible 
– Out of the view frustum such as d and e
– Hidden by other polygons of the scene

such as c

a
b

c

d
e

Often large fraction of the scene’s polygons do not 
contribute to the final image because they are not visible 
from the current viewpoint.
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Occlusion Culling Approaches

• Determine invisible polygons at each frame is a 
challenging problem because
– The computation has to be complete within a limited time 

(1/30 sec).
– The worst case time complexity of the problem if O(n2).  

• Occlusion Culling Methods
– Real-time determination at the rendering time
– Estimating the set of visible triangles.

• Usually involve an off-line processing
• Either Conservative or non-Conservative

Prioritized-Layered Projection

Preprocessing 
– Tessellation of space
– Finding list of primitives for 

each cell
– Computing cell’s solidity

Rendering
– Projecting front  cells
– Computing solidities for 

neighbors 
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Orthogonal Reduction

• View-Dependent Rendering reduces resolution 
based on view-parameters

• Occlusion Culling removes hidden polygons

Still
• View-Dependent Rendering renders occluded 

triangles
• Occlusion Culling renders small triangles

View-Dependent + Visibility

Combining  of view-dependent  rendering 
with occlusion culling
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Preprocessing

• Impose 3D grid over a dataset
• Determine the set of polygons in each cell
• Assign a solidity value for each cell [0.0 – 1.0] 

based on two approaches
– Face projection
– Ray shooting

• Projection polygons on 
faces of the cell

• Ratio between 
projection areas and 
total area of faces

Face Projection
Projection Area

)(
)(

)(

)(

fArea
ProjectionArea(t)csolidity

i

i

cfacef

cpolyt
i

∈

∈

∑
=

∑



5

• Shoot rays into a cell
• Determine which ray 

manage to leave the cell
• Ratio between passed rays 

and total number of rays

Ray Shooting

Ray

Bounded 
Cell

RaysShot
RaysPassedcsolidity i −= 0.1)(

• View-dependent rendering reduces the 
resolution of far-from-viewer regions. 

• Hidden and close polygons are still in high 
resolution.

• Occlusion probability helps to recognize 
invisible regions.

• Reduce the selected resolution for regions 
with respect to their occlusion probability.

Run-Time Processing
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Occlusion probability (OP)
depends on solidity of cells.

– From viewpoint to vertex
– Initialized OP to 0.0
– Accumulate the visited-cells’

solidity
– Stop at vertex or when OP 

reaches 1.0

Occlusion Probability

Occlusion Probability for 
Spheres

Four spheres                     Solidity values                Occlusion 
dataset                            by point size            probability

by color
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• View-parameters of the node
• Occlusion probability
• Adding the visibility as parameter in selecting 

level-of-detail

LODfinal = (1 - OP) * LODview + OP * LODlowest

LOD – level of detail
OP – occlusion probability

Adaptive Level-of-Detail

Results

650K triangles 93K triangles
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Results

140K triangles 86K triangles              24K triangles
100%                           61%                     17 %

Full resolution View-dependent            View-dependent
model rendering +

occlusion culling

7512081K748KSection01A

6411574K650KDragon team

6111071K522KTerrain

519352K140KCar engine

395530K75KBunny

VDR + OCVDRVDR + OCOriginal

Average Time(ms)/frameAverage Triangles/frame
Dataset

Results
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Abstract

Multi-resolution techniques enhance the abilities of visualization systems to overcome limitations
in time, space and transmission costs. Numerous techniques have been presented which concentrate
on creating level of detail models for static meshes. Time-dependent deformable meshes impose even
greater difficulties on such systems. In this paper we describe a solution for using level of details for
time dependent meshes. Our solution allows for both temporal and spatial level of details to be
combined in an efficient manner. By separating low and high frequency temporal information, we
gain the ability to create very fast coarse updates in the temporal dimension, which can be adaptively
refined for greater details.

1 Introduction

Complex time-dependent meshes are becoming more frequent in animation sequences and arise also in
many simulation processes. These types of meshes are often viewed as a sequence of static meshes
and as such, impose greater demands on visualization systems in terms of rendering time and storage
space. Multi-resolution techniques of static meshes have been widely used and studied as a means for
overcoming time, storage and transmission restrictions. Many decimation and refinement techniques
were developed and many spatial metrics defined for governing the quality and level of detail of multi-
resolution static models [7, 15, 13, 10].

In this paper we introduce a multi resolution model for dynamic geometry sequence of meshes,
which enables the combination of both spatial and temporal level of details to be employed. The key
observation is that mesh modifications over time can be separated to ”low frequency” global affine trans-
formations and ”high frequency” local vertex deformations (Figure 1). The low frequency information
captures the most visually significant temporal displacements using a very coarse and inexpensive ap-
proximation. This approximation can in turn be refined adaptively using the high frequency information
as needed to create higher resolutions and greater details in both time and space dimensions. Our model
combines three different adaptation strategies: applying the low frequency temporal deformations over
time, applying the high frequency temporal deformations, and applying spatial adaptation of level of de-
tails. This gives a visualization system the flexibility to comply with a wide range of timing restrictions.

The basis of our model is the TDAG structure (see [17] and Section 2) defined for supporting multi-
resolution time dependent meshes. However, instead of encoding the original series of time dependent
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Figure 1: Separating low frequency (left) and high frequency (middle) deformations. This ’equation’ is
simply an illustration of the concept. The real calculation involves the multiplication of the vertices of
the high frequency mesh (middle) by an affine matrix (which effect is symbolized by the left mesh).

meshes in the TDAG, we first extract the low frequency deformations of the meshes, and encode only
the resulting residual meshes. The TDAG stores all attributes and positional changes of the residual
meshes over time (the high frequency temporal deformations), and enables the extraction of different
and adaptive resolution meshes for each time-step (spatial adaptation).

1.1 Previous Work

It is far beyond the scope of this paper to describe the many approaches that have been developed for
creating multi-resolution representations of static geometric data for graphics and visualization [7, 15,
13, 10]. In this paper we use edge contraction [8, 9] as the decimation primitive and the Quadric error
metrics [5]. Other multi resolution schemes include vertex removal [1], triangle contraction [6], vertex
clustering [16], and wavelet analysis [19, 2]. Similar to [4, 13, 1, 6] we organize the levels of detail
structure as a DAG (Directed Acyclic Graph). Each node in the DAG represents a decimation operation
and the edges represent dependencies between the different operations, which impose a certain partial
order for applying them on the mesh. Every cut (informally, a cut is a group of edges that include one
and only one edge from each path from the roots to the leaves) in this DAG defines a valid adaptive level
of detail of the underlying mesh. To date, most of these schemes are based on the assumption that the
finest resolution mesh is static. Our scheme aims to define a level of detail in both time and space for
multi-resolution dynamic meshes.

Time dependent data structures which include hierarchical decompositions are presented in [20] for
the extraction of iso-surfaces from dynamic volumetric data, and in [18] for volume rendering. These
structures allows very efficient time-dependent iso-surface extraction and volume rendering respectively,
but are tailored for these specific types of visualization primitives and do not deal with general dynamic
deformable meshes.

Earlier in [3], a model for multi-resolution video was presented. Temporal as well as spatial level of
details were possible by using a binary time tree where each node corresponds to some spatial averaging
of all the images of its time span. The node holds a spatial quad-tree built from this average image.
This structure supports multi-resolution in the temporal dimension by accessing the average images, and
seems very appropriate for video sequences. Our approach covers more general meshes (considering
images can be viewed as planar meshes) and treats the temporal dimension a little differently: instead of
averaging the meshes over time spans, our temporal resolution defines the length of the intervals between
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each time sample.
Recently efforts on behalf of the MPEG4 standard organization [14] defined specific interpolators or

behaviors for human figures or faces as well as rigid body transformations to efficiently encode dynamic
meshes. Dealing with general dynamic meshes as in this paper was postponed for later dates. More-
over, 3D geometry compression either concentrate on static meshes [21, 22], or assume low geometry
bandwidth [12, 23]. In [11] a method is proposed for compression of time dependent geometry. The
vertex positions matrix is decomposed into P � V � G, where P is the time interpolation, V is the vertex
positions at key time-steps and G is the geometry or spatial interpolation. The gross movement of the
geometric mesh is extracted from V and encoded with a small set of controls. By separating the low
and high frequency temporal information the residual magnitudes are reduced. The gross movement is
encoded using affine transformations and the residuals are quantized at low bit rate. Our method uses
a similar approach for separating low and high frequency temporal information, but uses them at two
different levels of temporal details.

The rest of this paper is structured as follows: in Section 2 we briefly describe the TDAG structure,
its construction and supported queries. Separating low and high frequency temporal information is de-
scribed in Section 3, and the construction of the multi-resolution model in Section 4. Section 5 discusses
the possible uses of the model and Sections 6 and 7 show an example and outline future work.

2 The TDAG Structure

This paper focuses on triangular meshes. A triangular mesh M is a tuple M = (P; F; I) of vertices
P = fpig in E3, faces F 2 P �P �P , and some vertex attributes I such as position, normal and color.
We consider a time-sequence of meshes:

Mt0 ;Mt1 ; : : : ;Mtk

where t0 < t1 < : : : < tk. All mesh components, i.e. attributes, positions and adjacency, become a
function of the time ti:

Mti = (Pti ; Fti ; Iti)

. The actual time values are irrelevant, and so we normalize the time-steps to unitary intervals ftig ! i.
We classify the modifications between two consecutive meshes Mi and Mi+1 into four levels: at-

tribute changes (e.g. change in vertex color), position changes (e.g. change in vertex positions), connec-
tivity changes (changes to the set F ), and topological changes (e.g. the genus of the mesh changes).

The TDAG (Temporal Directed Acyclic Graph) is a multi-resolution data structure, which uses time-
tags for all time dependent information. In particular, it deals with the symbolic information such as mesh
connectivity and decimation dependencies in a similar manner as the numeric information including the
attributes and positions of vertices (see Figures 2). The TDAG can encode a large class of dynamic
models, which include connectivity and topology changes.

The construction of the TDAG is done incrementally using an online algorithm. When each new
mesh Mi+1 in the sequence is presented, it is merged into an existing TDAG which encodes the meshes
M0; : : : ; Mi. This is done by decimating Mi+1 (for example, by edge contraction) using a metric
function which combines current spatial constraints (such as quadric error metric) with global temporal
ones. The hierarchy and attributes of the new time-step are stored as time tagged fields of the nodes of
the TDAG. The local part of the metric function optimizes the structure of the level of detail DAG for the
current mesh, while the global constraints are targeted at preserving the structure of the DAG as much as
possible over time. More details can be found in [17].

As a model for the dynamic meshes M0;M1; : : : ;Mk, the TDAG is parametric in two dimensions:
resolution and time. Therefore, every valid TDAG query must include these two parameters. There are
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Figure 2: The child links in a T-DAG structure with five time-steps (top), and the five DAGs it represents
(bottom). Each child link edge in the top T-DAG carries a tag depicting the range of time-steps in which
it is active.

two types of fundamental queries supported by the TDAG: the random type queries and the incremental
type queries. Given (time = t,tol = �1), the random query returns an approximation M�1

t of the mesh
Mt which does not differ from Mt by more than �1 under some given error metric. Incremental query
in time (resolution) will return M�1

t+1 (M�2
t when �2 6= �1).

Although the model described in this paper can support all query types, we will concentrate our
discussion on progressive solutions to the incremental time query. In such cases, the level of detail mesh
of current time-step is progressively updated to arrive at the next time-step level of detail mesh.

3 Separating Low and High Frequency Temporal Deformations

If we track the trajectories of each vertex in the time sequence meshes M0;M1; : : : ;Mk, it could be
difficult to distinguish between global mesh movements (such as rigid body transformations) and local
fluctuations or deformations. In order to separate between these low and high frequency deformations we
want to map all meshes to a uniform general position in space. We collect all n vectors of homogeneous
coordinates of the vertices of mesh Mt into a global 4 � n matrix Vt. Similar to [11], we select either
the first time-step matrix V0 or an average mesh matrix (created by the average vertex positions of all
meshes over time) and search for At, a 4 � 4 affine matrix which is the best least square solution to the
equation:

AtV0 = Vt

In practice, we solve the following equation and find At for each time-step t:

At = VtV
T
0 (V0V

T
0 )

�1

Gathering, for all t, the affine coefficients of At defines the low frequency temporal information of
the sequence M0;M1; : : : ;Mk. Applying At on V0 and using the connectivity defined by M0 gives a
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first crude approximation for the mesh sequence (see Figure 5). The residual meshes RMt are found by
applying A�1t on each Vt, mapping each mesh Mt to the uniform position of M0 (see Figure 6).

When topology or connectivity changes occur over time, we must calculate the affine map by using
a sub-set of vertices valid in both Vt and V0. However, as will be described in Section 4, dynamic cut
update is more difficult to implement in these situations, and often the mesh will need to be reconstructed
from the roots of the DAG when a cut update is requested.

4 Hierarchy Construction

The multi-resolution TDAG imposes no restrictions on mesh deformations over time in terms of connec-
tivity and topology changes. However, when the sequence of meshes do not change their connectivity
over time (and therefore, also their topology), it is possible to use the same DAG structure for all time-
steps. In this case, every cut in this DAG defines a valid mesh in all time-steps. This enables the use
of an easy dynamic update algorithm of the cut, which creates the current level of detail of the mesh by
updating the previous time-step cut (either expanding or contracting the cut depending on the costs at the
nodes of the new time-step).

0.00E+00

1.00E-01

2.00E-01

3.00E-01

4.00E-01

5.00E-01

6.00E-01

7.00E-01

8.00E-01

9.00E-01

Figure 3: The decimation cost of different edges as a function of time: the x axis is time and the y axis is
cost. Each plot series represents the cost of contracting one edge at different time steps. As can be seen,
the cost can rise or drop depending on the local geometry of the mesh when the contraction is performed
(the bottom line shows some snapshots of the mesh closely bellow their position in time). Edges that are
part of the main body of the chicken tend to have smaller and more stable costs, while the cost of edges
that are part of the wing or neck have a large jump in cost at the time of the surprised chicken.

In order to store all time dependent meshes using the same DAG we need to use the exact same
sequence of decimation operation for all time-steps. Note that this does not mean that the multi-resolution
model will be constant over time. As can be seen in Figure 3, the same decimation operation may have
different costs in different time-steps. The reason for this is that the mesh attributes, which effect the
cost of decimation, change over time. This also means that for the same tolerance in different time-steps
we might get different cuts of the DAG, and there is a need for updating the cut over time even if the
tolerance is constant.

In an online scenario, we start constructing the TDAG by decimating M0. If we choose to use the
same DAG for all time-steps, then this decimation determines the decimation order for all consequent
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time-steps. We can try and minimize the amount of cost changes over time if we abandon the online
requirement for creating the TDAG. However, finding the set and order of the decimation operations
that will minimize the cost change and the total cost over all time-steps is a very complex and costly
optimization problem.

As a measure for the quality of decimation on all time-steps, we examine the maximum cost reached
over time for every specific edge contracted. We then measure the average and median of those maxi-
mums over all edges. If E is the number of edges in the mesh, let ni be the number of times edge i was
used (contracted in one time-step mesh) during the construction of the TDAG. We define N =

PE
i=1 ni.

Let cij be the cost of contracting edge i at time-step j. We define cij = 0 if edge i wasn’t contracted at
time j. Our average quality measure will then be:

PE
i=1maxj(cij)

N

In our example (see Section 6) we used edge contraction and the quadric error metric [5] and chose
to compare between choosing the first mesh, an ”average” mesh (by averaging vertex positions over
all time-steps) and an arbitrary mesh (number 277) to govern the decimation of more than 300 time-
steps. We also measured the optimal decimation, where each mesh is decimated separately. The result of
decimating the chicken sequence using an ”average” mesh was not significantly better than decimating
according to the first or to an arbitrary chosen mesh. In all of these cases the average quality measure
doubled compared to the optimal decimation (see Figure 4). This stems from the fact that the high
frequency deformation of this sequence is large (see the figures in this paper) and the ”average” mesh is
as far from the other meshes as any arbitrary mesh.

In this case (and probably also in many dynamic cases), not much is gained by using an average
mesh to justify the abandonment of the online algorithm. Moreover, if we examine the median measure
in Figure 4 it is much closer to the optimal case. This means that most of the costs of decimations are
actually not much different from the optimal case. The large difference in the average measure probably
comes from higher levels in the hierarchy of the DAG, which are used in cases where quality is much
less a factor (e.g. when the mesh is very far from the viewer or for back faces).

Governing No. of Total Average Median
Mesh decimations decimations Measure Measure

First 2884 868084 2.14 0.666
Arbitrary 2890 869890 1.90 0.650
Average 2885 868385 2.19 0.687
Optimal - 865480 1.09 0.629

Figure 4: A comparison between different strategies for governing the creation of the TDAG. In the first
three lines all meshes were decimated using the same edges and the same order which is governed either
by the first, the average or an arbitrarily chosen mesh. In the last line each time-step mesh is decimated
separately optimally. As can be seen, there is not much difference in choosing a single mesh to govern
the decimation, in all cases the average measure is about doubled with respect to the optimal. Therefore
the first mesh is as good as any other mesh to be chosen in an online algorithm.

It is important to stress that the cost of decimation should be calculated on the actual meshes
M0;M1; : : : ;Mk, and not on the residual meshes RMt. This is because the quality of approxima-
tion should be governed by the real mesh that will be displayed and not the residual.

Before discussing the possible usage of our model we summarize the online construction of the
time dependent model. A mesh Mt from the sequence of meshes M0;M1; : : : ;Mk is encoded in the
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following way: first, we extract and store At, the affine transformation with respect to the first mesh.
We then create the residual mesh RMt by applying A�1t to Mt. Then, we encode the positional and
attribute changes of RMt from RMt�1 in the TDAG structure.

5 Level of Detail Utilization

Although level-of-detail models can be utilized to reduce the amount of time-dependent updates (by re-
stricting them only to active vertices that are part of the current level of detail mesh), one must remember
that dealing with time dependent meshes means the update of nodes attributes (position, color etc.) must
be done continually through time for correct rendering.

As stated earlier, we focus on incremental queries in time: given a specific tolerance � governing the
overall level of detail, and given a level of detail mesh for the current time step mesh Mt, we would
like to create the next time-step level of detail mesh approximating Mt+1. The complete procedure for
creating the new mesh approximation involve three stages in the following order:

1. Updating the cut of RMt+1 according to the costs at t + 1 (and possibly also a change in other
parameters such as the direction of, and distance from the viewpoint).

2. Updating the attributes and positions of the active vertices in the resulting approximation residual
mesh.

3. Applying the affine transformation A�1t+1 on the resulting residual mesh.

Examining these three stages, it is evident that they are also ranked by their complexity. The first
stage in creating the next time-step mesh is the most complex and time consuming, and the last is the
most simple and rapid. However, in terms of their visual significance, the last stage is the most significant
and the first stage the least.

The key idea in utilizing our multi-resolution model is to reverse the order of execution of these
stages. This is feasible since those three stages can be carried out almost independently, resulting in
three levels of temporal approximations for the mesh:

1. The coarsest approximation is created using the previous time step spatial level of detail mesh by
applying the new time-step affine transformation. Note that such operation can sometimes be as
simple as calling glPushMatrix() and glMultMatrix() in OpenGL.

2. A better approximation is created using the previous time-step level of detail mesh, applying the
affine transformation, and also updating the attribute and position of the active vertices that are
shared by both time-steps. Hence, both the low and the high frequency deformations are applied,
but using the previous time-step level-of-detail mesh instead of the current.

3. The best approximation is created by carrying out all the stages of mesh creation: updating the cut,
updating the attributes of active vertices and applying the transformation.

The relative independence of the three mesh update stages can also be utilized in a multi-threaded
environment. The rendering thread, which reads the mesh and sends it down the graphics pipeline, can
be responsible for the low-cost operation such as the affine transformations. The mesh creation thread,
which writes the mesh, can be responsible for the cut update. This scheme resembles the internal double-
buffer scheme of the graphics pipeline, using two working meshes - one for reading and one for writing
and swapping between them. Similar to the frame buffer, if the writing thread lags behind in updating
the cut, there will be no swapping of meshes. When a specific frame rate is required the writing thread
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can be tuned in advance to skip some time-steps and calculate the cut for every other time-step, when
the reading thread fills the gaps with the affine transformations. Since the visual significant part of the
temporal update will be carried out, the unpleasant artifacts such as jumps in position, orientation and
scale will be reduced. The usual artifacts created by using multi-resolution models will still need to be
addressed. The implementation of such multi-threaded rendering scheme is still under way and remains
as future work.

6 Results

The chicken sequence of meshes display a chicken character crossing a road realizing a truck is heading
towards it, turning and trying to escape. The sequence includes 400 time-steps of 3030 vertices and 5664
triangles each. An uncompressed binary representation of the mesh takes around 14 megabytes and the
TDAG and affine maps around 37.5 megabytes. On a 500 Mhz Intel Pentium 3 with 128 Mb of RAM,
it takes around 0.3 second to calculate the affine map of each time-step and create the residual mesh and
an average of 30 seconds to merge a new mesh into the TDAG.

Figure 5 presents samples of the original sequence of meshes (top) and the low frequency temporal
information represented by applying the affine maps of each time step to the first mesh (bottom). Note
how the general structure of the mesh remains more or less the same while the affine transformations
change the position, orientation and stretch of the object. Figure 6 presents the sequence of meshes (top)
and the high frequency temporal information, which are the residual meshes created by applying the
inverse affine transformations of each time-step to the original mesh. Note in contrast to Figure 5 how
the position and orientation remain constant, while the local and internal deformations of the meshes are
revealed.

Lastly, Figure 7 shows examples of the results of the three levels of approximations for the mesh:
applying only the affine maps (top row), applying the affine map and the attributes update (second from
top), and then also updating the cut (the bottom three rows show level of detail created by three different
tolerances)

7 Summary

This paper presented a scheme for creating a level-of-detail model for time dependent meshes, which
allows the utilization of both temporal and spatial level-of-detail approximations. This is made possible
by a specific decomposition of the temporal information into low and high frequency deformations and
the usage of a multi-resolution model for the spatial information.

As discussed in Section 5 the advantages of using this scheme can be exploited in a multi-threaded
environment. The first item in future extensions is the creation of a ”double meshed” multi-threaded
rendering system for time-dependent meshes. Other directions include lowering the size of the TDAG
file representation by using fewer dependencies in the DAG, and exploiting the high temporal coherency
in the TDAG for the use of some compression mechanism.
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Figure 5: The low frequency deformation information of the chicken sequence (top) is applied to the first
time-step mesh, creating the bottom sequence. Note that the mesh itself does not deform much, but its
position, orientation and size (affine attributes) adhere to those of the original sequence.

Figure 6: The application of the inverse of the affine transformation matrix to all meshes maps them to a
general position, size and orientation in space. Only the high frequency deformation information of the
original mesh sequence (top) changes in the residual meshes (bottom).
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Figure 7: Examples of the three approximation levels for a multi-resolution dynamic mesh. The top row
shows the coarsest level by applying just the affine transformations to the first time-step level of detail
mesh. The second row shows the middle approximation by applying also the attributes update on the first
mesh. The bottom three rows are created using the full update procedure for each time-steps, but using a
different tolerance in each row. Note, for instance the differences in the triangles around the neck of the
chicken in the different update schemes: in the coarsest and middle approximation (top two rows), the
set of triangles does not change. In the third row in particular, the update of the cuts changes the set of
triangles.
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