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Abstract

The area of physically-basednodelingis situatedin the intersectionof computerscience mathematicsand
physics.The animationof cloth is a particularly interestingapplication of physically-basednodeling because
it aimsat fastanimationsolutionsfor rather difficult physicalproblems Moreover, it addresseoneof the major
difficultiesin creatingrealisticscenesith virtual actors.

Thechallenge of computeranimationis to breakdownphysicalmodelsfor comple structuesastextiles,approx-
imatethemefficiently, andrun fastsimulationswith intelligentnumericalmethodsFurthermoge, interactivity and
collisionswith other objectsin the sceneare challengesthat havemotivatedmud creativework over the recent
years.

Therange of methodroposedn literature is quitelarge. Thetechniquesvary fromsimplifiedmethodsiesigned
for real-timeapplicationsto sophisticateanethodshatwere designedo repmducemeasued materialproperties.
Renderingcloth is especiallydifficult becauseof its complex material properties.Softwae renderingcan deal
with thesepropertiesfairly easily oncethey havebeenacquired,but remaingoo slowfor interactiveapplications.
Hardware acceleated renderingoftenprovidesa way to achieve interactive renderingsunfortunatelycomple
materialsarent directly supported\We will demonstate how interactive renderingwith complex materialscan

nonethelesbeachieved

1. Physical Models
(Olaf Etzmus}

Cloth modelshave beendesignedwith differentobjectives.
A commonobjective in computergraphicsis to generate
pretty and corvincing picturesand films. For that purpose
physicsmay be ignored or simplified significantly A dif-
ferentobjectie is to presere physical,measuregbroperties
in orderto mapreal materialsonto a simulatedcloth. This,
for instancejs indispensablén e-commerceapplicationsin
which a customerselectsclothesbasedon a simulation.In
computemraphicshis alsoshouldleadto ananimationthat
is fastandallows interactionwith a complex sceneBut the
useris preparedo wait a bit longerfor theresultsto achieve
aphysicallysoundsimulation.

Accordingto theseconsiderationsye will first startwith
amodelhastheformerobjective. After thatwe will describe
how discreteandcontinuousnodelsaimto presererealma-
terial properties.

(© TheEurographic#ssociation2002.

All modelshave in commonthatthey discretizethe cloth
by a polygonalmesh.The verticesof this meshare called
particlesor (mass)nodes.The meshtopologydefines how
theparticlesinteractandexertforceson oneanother

1.1. Discrete Models

Given the meshdescribingthe cloth, forceson eachparti-

cle arecomputeddependingn its positionandvelocity and
the positionsand velocitiesof a setof particleswithin its

topologicalneighbourhoodWhen the function F comput-
ing the forceshasbeendetermined Newton’s equationof

motion governsthe movementof the particles.The trajec-
tory of eachparticlewith massm atpositionx; is computed
by

dZXi
C—. 1
02 1)

Here x denotesthe vector containingall particle positions
andv the vector of all particle velocities. Note that, since

F(X,V) =m
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deformedsurface

(local, partial) reststateof surface
displacement

particlepositions
particlevelocity

strain(tensor)

stresqtensor)

elastictensor

viscoustensor

scalamproductof vectorsa andb
Laplaciansxx + Syy+ Szz
partialderivative of swith respecto u

S(u;v)
r(u,v)
d(u,v)

P>FOU0Q ™S X
z

Table 1: Notationin this section

particle systemsalreadyrepresent discretizationin space,
only a systemof ordinary differential equationshasto be
solved. The systemspresentedn literature differ by their
methodsof computingtheforces.

1.1.1. Mass-springsystems

In mass-springystems particle interactionis solely mod-
elledby linearsprings.

Figure 1: Provot's mass-springsystemwith (1) structuml
springs,(2) shearsprings,and(3) bendingsprings

Provot’® proposesa mass-springsystemfor textiles and
usesarectangulameshin whichthe particlesareconnected
by structuralspringsto counteractension,diagonalsprings
for shearingandinterleaving springsfor bendingasshavn
in figure 1.

Forcesby linear springsbetweentwo particlesat x; and
Xj aregivenby
Xi — Xj

e . SRRV | B
FiJ(X)_kll(”XI X]H lIJ)”Xi_Xj”’ (2)
wherek;; is the elastic modulusof this spring and ljj its
restlength. The spring constantdependwon the type of the
spring. For the structuralforcesthere are very large con-
stantswhereador thebendandshearforcesthespringshave

smallvalues.

Obviously, thereis a stronginterdependencketweerthe
differentkinds of springsleadingto nonlineay uncontrolled
effects. The diagonalshearsprings,for instance,alsolead
to additionaltensionandtrans\ersalcontraction.

Furthermore we needviscousforcesto accountfor en-
emgy dissipationdueto internalfriction. Theseforcesdamp
outkinetic enegy anddependon the velocity of the object.
It is very popularto modelthesefor eachspringby

FI(%) = dij (vi — V) 3)

Sincethesetermsarelinearthey areparticularlywell suited
for the numericalintegration. However, there are two ma-
jor disadwantagesof this simple term asit also penalises
arigid rotation of a spring. Moreover, high dampingof a
structuralspring preventsthe objectfrom bending.Hence,
this simplified dampingmalesthe deformableobjectmove
ratherstiffly. Theseeffectsarealleviatedby modellinga stiff,
dampedspringaccuratelyby

(Vi —Vj, Xi — Xj)

d
RO = d;
T i) — xg]12

(Xi —xj) 4)
Thisisjustthelineardampingterm(3) projectedontothedi-
rectionof the spring.Unfortunatelyin mary caseghisterm
complicategheimplicit time integration.

Finally, in orderto run the simulation,we only have to
sumup all springforcesandplug theminto equation(1).

In several mass-springsystemé& 2253 another popular
ideais exploited. It is motivated by a biphasicbehaiour
of textile materialsas shavn in figure 2 , i.e. initially the
materialyieldsto an exertedstresseasilybut appeargo be
extremelystiff in a secondphase This effect is imitated by
rathersmall spring constantghat model the first phase.In
orderto modelthe second,almostrigid phasethe system
is post-processedfter eachtime stepif the springsare
elongatedoo much.In this processijteratively all particle
positionsare modified suchthat a certainmaximumelon-
gationis not exceeded.Sucha post-processings justified
for simple mass-springystemsthat do not model specific
material propertiesaryway. Moreover, the result depends
ontheorderin whichthe springelongationsarecorrected.

Although Provot’'s mass-springsystemdoesnot model

(© TheEurographic#ssociation2002.
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Elongation

Force

Figure 2: Biphasicspringmodelledby post-corection

ary specificmaterialandis not relatedto propertiesof real
clothesijt is capableof producingvisually very pleasingani-
mationsthataresuficientin mary computergraphicsappli-
cations.

1.1.2. Representationsof Cloth asdiscrete Mechanism

In their book on cloth modelling Donald Houseand David
Breenstatethat “Cloth is a medanism,not a continuous
material”. Consequentlysomeattemptshave beenmadeto
modelclothesby the interactionof discretethreadghatare
interwovenin textiles.

Somediscretesystemshat have beendevelopedin com-
puteranimationfor the animationof clothesandothersur
faceshave theadwantagethatthey allow fastsimulationsin
particular particle systemshave beensuccessfullyusedfor
rapid animations.We can considerthe quadrilateralmesh
thatis describedby the massnodesand structuralsprings
in Provot's mass-springystemasa network of interwoven
threadsjn which onethreadis givenby a chainof structural
springs. Different threadscan interactat the masspoints,
wheresheayrbend,or otherinternalforcesapply In orderto
modelthe interactionof threadsmorecomple forcesthan
purespring-forcesareaddedto the systemandyield amore
generalparticlesystem.

Most particlesystemausepotentialfunctionsfor tension,
bend,and shearenegy. Theseenepgies are chosento cor
respondto standardexperiments(Kawabatd’) to measure
textile properties. Hence, the measurementsfrom one
experimentare usedto modelone specificenegy function.
All enegiesaremodelledon a rectangulagrid, whereeach
particle interactswith its four direct neighbours.The grid
is alignedwith two distinct directionsthat are apparentn
textiles (in woven materialsthey are called weft and warp
direction). The materialsshav differentpropertiesin these
directionsand each experimenthas to be carried out for
bothdirections.

Thetensionenegy is evaluatedfor eachparticleandde-
pendsonthefour neighbourof thatparticlein arectangular

(© TheEurographic#ssociation2002.

mesh.Thetensionenegy of aparticleat positionxg is

a [ 3Cui(Ixo—xill—li—hyi)® if [Ixo—xi|| >1;
E = Zl . _
B 3Cki(lxo—Xil| =i —hei)® if - [[xo—xi[| <l

®)
wherel; arethe restlengthshetweerparticlesandC; j and
h; j arematerialparameterslhey canbeusedo fit measured
databy a piecavise linear curve. The enegy is computed
from astrain(||xo — Xi|| — i), andthestrain-stresselationis
modelledpiecavise cubicor quintic. If weintroducealinear
strain-stresselationshipby replacingthe exponentswith 2
andseth; j := 0, we getlinearspringenegies.

)

Theshearenegy is modelledas
4

_x1! T he)?
Es= 3 0@ =5 —h) (6)
andthebendenegy as
Ep = ZZ G — T~ )2 (7)
b—i= > Wi b,i)”-

Here Cs,Cy, and hgj, hy are the material constantsThese
enegiesimplementhingesfunctioninglike springsthatlin-
earlydependon the shearangleg andthe bendangley, re-
spectvely. Thesearetheangleformedby theincidentedges
asdepictedn figure 3.

1TSS
[ S S S
[ [/
L1777/

Ly 77779

Figure 3: Shearandbendenepgy in a particle system

All derived enegies are combinedto computethe final
forcesto be pluggedinto equation(1):

F = —grad Et + Es+ Ep + Eexternal)-

In this section,only elasticforceshave beendiscussedVis-
cousforces should be modelledin the fashionof section
1.2.6 Note thatthe well-known cloth simulationby Baraf
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andWitkin?2 alsorepresentss a particlesystemHowever, it
wasdesignedor triangle meshesandwithout the objective
of fitting to realmaterialdata.

1.1.3. Triangular meshes

Until now, we only have consideredparticle systemshased
on rectangulameshesTriangularmass-springystemsare
widely usedaswell andcanbe constructedvith almostthe
sameset of forces.However, their physical propertiesare
hardto controlanddependnthetopologyof themesh.Fur-

thermore they usuallyshav a very strongtrans\ersalcon-
traction. This motivated Volino® to extend the conceptof

triangularmass-springystemslin atriangularmeshthe de-
formationof eachfaceis uniquelydeterminedoy the elon-
gationof its edgesForcesactingon eachof its particlescan
be formulateddependingonly on these(vectorial) elonga-
tions. This resultsin a particle systemin which the forces
ononeparticledonotonly dependcon adjacenedgesbut on

the elongationf all edgesof all facesincidentto the con-
sideredparticle. The coeficients of thesedependencieare
the materialconstantandallow a flexible modellingof the
physicalproperties.

1.2. Continuous Models

Although clothesarenot homogeneous;ontinuousobjects,
modelling them as discretemechanisninvolves complica-
tions. As we cannotrepreseneachsinglethreadin atextile
by anedgein the mesh,we have to choosea certainresolu-
tion of the object.If we wantto beindependendf this reso-
lution, we needto represena patchof textile asacontinuous
material which allows usto uselow resolutionmodelswith-
outloosingbasicmaterialproperties.

From a continuummodela consistentdiscretizationcan
be derived. Consisteng heremeansthat the computedso-
lution corvergesto the accuratesolutionfor the continuum
whenthe resolutionis increasedThat allows us to switch
from oneresolutionto anothemwithout changingthe proper
tiesof the cloth. Thereforewe will describethefoundations
of the continuoustheory and presenta particle systemthat
canapproximatethis theory This sectionwill be concluded
by a paragraplaboutenegy dissipationin cloth.

1.2.1. Descriptionsof Strain

Continuummechanicss the standardheoryto describeand
model deformableobjects,and the following elaborations
arebasedn severaltext books: © 6381,

The basicquantitiesof continuummechanicsare strain,
whichis adimensionlessleformatiomotedby €, andstress
which is a force perlengthfor surfacesor perareafor vol-
umesandis denotedby o. In the caseof a one-dimensional
spring,theseentitiesarescalarsThe strainof this springis
its elongatiorperlength,while the stresds the springforce.
In the caseof surfacesor volumes theseentitiesaretensors.

Surfacesare more complicatedthan a one-dimensional
spring,andthe descriptionof strainis moreinvolved. Tex-
tiles can be describedas regular surfaces(in the senseof
differentialgeometry?). The deformationof a regular sur
faceembeddedn R® is describedby a strain tensorwith
respecto a certainundeformedeferencestate.In this equi-
librium state,denotedby r, the objectis not deformed,
andthe elasticenepgy is zero.Let r be parametrisedver
a domainU x V. Underforcesthe rest statedeformsto a
states(u,v). The displacements a mappingd definedby
d(u,v) = s(u,v) — r(u,v) asdepictedn figure4.

The differenceof the first fundamentafforms Is and I
of the currentstateand the equilibrium stateof the object
describeghe in-planestrain and definesa nonlinearstrain
tensop®

=3(s—1r) = (8)
(&3 23’) s )

(ru,rv)
For planarsurfaces the deformationis defineduniquelyby
the differenceof the metricsof thesestates.As a piece of
cloth is a surfacein three-dimensionapacethe cunature
tensors(secondfundamentaforms) have to be taken into
accountas well. Terzopoulosand Fleische¥? developeda
model for animatedsurfacesbasedon the the enegy due
to thesetensors.

Commonly thereststater is assumedo be the identity
mapping.Thenequ.G coincideswith Greens straintensor

_ 1/ {sus) -1 (su,s)
G_5< (s0,S) (SV,Sv>—1)'

—_—

/7
=

Figure 4: The refeence configuation: the rest state is
parametrisedby a mappingr on a spaceU x V. By defor
mationd it transformsnto the deformedstrained)configu-
ration, which is parametrisedby the mappings.

Greens tensor unfortunately is nonlinear and yields
fourth ordertermsin the enegy formulation,andtheseare
computationallyvery costly andleadto variousnumerical
problems Linear elasticitytheorywould allow muchfaster
animations.It malkes use of the linear approximationof

(© TheEurographic#ssociation2002.
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Greens tensor called Cauchys straintensor It is obtained
by negglectingtermsof orderhigherthanonein thedisplace-
mentd in the componentof Greens tensor herefor two
dimensions:

(e1+du,er+duy—1
2(du, e1) +0O(d?)
(sv,sv)—1 = (e2+dy,eo+dv)—1
2(dv, &) +O(d?)

(€1 +du,e2+dv)

(du, &) + (dv, €1) + O(d?),

(su,su)—1

Il

{Su, )

)
where(ey, &) is the Cartesiarbasisof R2. Thus,Cauchys
tensorcanbewritten as

e ( di _ 3(di+di) )
3(d+d) ol ’

wherethe superscriptglenotethe vector componentsLin-
ear elasticity is basedon this linearisedstrain tensorand
yields muchsimplerformulations.In particular it resultsin
linear partial differential equations Theselinear equations
arewidely usedin engineeringandlendthemselesto finite
elementformulationsvery easily

The straintensorof linear elasticity aswe have seen,is
derived from Greens straintensorby linearisationsin the
deformationsij.e. the displacemend (figure 4) is assumed
to besmall,andall termsof ordertwo or higherin d arene-
glectedin the straintensor For this reasorthe lineartheory
is not appropriatefor highly flexible objectslike clothes.It
only appliesto small displacementslt is thereforenot in-
variantunderrotationsandleadsto unphysicalbehaiour if
the objector a part of it is rotated.As animatedsurfaces
canbendstrongly the displacementbecomevery large, al-
thoughthe deformationgemainsmall.

In this sectionwe have learntthata linearisationwith re-
spectto a global referenceframeis not applicableto cloth
animation.However, we will seelater that a linearisation
with respecto alocal referencdrameis feasible.

1.2.2. The equation of motion

Sofar, we only have dealtwith the descriptionof strain.In
linearelasticity alsotherelationbetweerthe stressensoro
andstrain¢ is assumedo be linear, andthe dependencés
givenby theelastictensorC. Thisis formulatedby Hooke’s
law:

gij =Cijk & (10)
C is asymmetricrank-4tensorcontainingthe materialprop-
erties Here,symmetrymean<C;jq = Cyi; aswell asCijy =
Cijiki- Hooke's law is usedto computethe stresdensotin the
equationof motionof a continuouselasticmaterial:

2

pag—dwozf, (11)

(© TheEurographic#ssociation2002.

wherep is the massdensityandthe divergenceof the stress
o yields the force densitydueto the interior enegy of the
elasticobject. f denotesan externalforce density(e.g.the
gravity forcedensitypg). Equation(11) is apartialdifferen-
tial equation(PDE)thathasto be solved over the parameter
domainandtime. A standardprocedurds to semidiscretize
thesystemin spacewith finite differencer finite elements.
This eliminatesall spatialderivativesin theequationandre-
duceghe PDEto anordinarydifferentialequation(ODE)in
timet thatcanbesolvedby ary suitableintegrationmethod.
Thisway, we reducethe PDE (11) to the ODE (1).

Aswewill seein chapter, thehigherordertermsthatare
inducedby Greenstensoreadto complicationfor rapidan-
imationswith largetime stepsA linearisatiorof theseterms
couldalleviatetheseproblems.

1.2.3. Bendforces

Bendforcescannotbe derived from the standardstrainten-
sorbecausehey areout-of-planeforcesandariseonly due
to avolumetricpropertyof the object(anideal surfacedoes
not exhibit bendingforces).Hence,thereare basicallytwo
possibilitiesof deriving bendingforces.First, we cansimply
addsomebendingforcesto thein-planeforces.Secondthe
cloth canbe modelledasathin volumetricobject.

In orderto addbendingforces,we addan enegy thatis
alsoderived from a volumetricmodel. Typically we choose
thethin plateenegy, which we projectontothe surfacenor-
mal n:

1
f = 5(nd [Bisfu+ Boshduc) (12)
= (n, B1Suuuu+ (B1+ B2)Suuw+ B2Srww) .

B; andB; arethe elasticmaterialconstantscalledbending
moduli, for the respectie directions.With this model,the
in-planeandbendstrainaredecoupledandprovide a simple
modelfor computation.

A more comprehensi descriptionis obtainedby mod-
elling cloth asthin volumetricobjects.Shelltheoryprovides
the appropriatemechanism Shells are thin objectswhich
spanover surfaces.The shell is parameterisedby a mid-
surfaces:

x(u,v,w) = s(u,v) +wd(u,Vv),

i.e. the objectpositionis describedby the mid-surfacepa-

rametersu, v and the height over the mid-surfacew in the

directionof a directord thathasunit length.

From this descriptiona three-dimensionastrain and stress
tensoris derived. Shells comprise (in-plane) membrane
forcesaswell asbendingforces.Someauthordé 50 model

clothesaccuratelyby a nonlinearshell theory In orderto

solvetheresultingnonlinearPDE’s, thesystemis discretized
by finite elementsandNewton’s methodis usedto compute
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an equilibrium solution. In this processseveral numerical
problemdik e forking pointsoccur

Theseapplicationsof shelltheoryhave not beentargeted
atanimation but they sene well asareferencesolutionthat
animationsystemsanbe comparedvith.

1.2.4. Description of Clothesin a Linear Theory

A characteristipropertyof textilesis orthotropy. Linear, or-

thotropicmaterialgpossessvo orthogonasymmetryaxesin

continuummechanicsThis reducegshenumberof freeelas-
tic materialconstantgentriesin the elastictensor)to four

for in-planedeformationsThe symmetryaxesor directions
in a woven materialare the weft and warp directions.The
textiles shaw very differentphysicalbehaiour in thesedi-

rectionsandthis characterisethe materials Therefore ma-
terial measurementare carried out for the two directions
independentlyThe trans\ersecontractionis often omitted
becauset is not apparenin usualscenesn which clothes
areworn by a virtual avatar This allows usto setthe Pois-
sonnumberto zero,i.e. Cjjjj = 0,i # j. Only two Young
moduli k; ;= Cq1111 andks, := Cy222 andthe shearmodulus
K := Cy212 remainaselasticconstant¢o modelthein-plane
stress Additionally, the bendingmoduli B; andB; describe
the curvatureelasticityin theweft andwarp directions.

Unfortunatelythestrain/stresselationin textile materials
is highly nonlineayr and approximationgo thesenonlinear
propertieshave beenanissuein computeranimation.Gen-
erally, the nonlinearstress-straimelationis modelledby a
piecaviselinearfunction.This canbeachieved easilyby up-
datingthetheelastictensoraccordingo the currentslopeof
the strain/stresgurwe?4. The updatingis carriedout before
eachtime step.

1.2.5. Continuous Theory and Particle Systems

Aswe have seenjsis notpossibleto modelcloth objectdin-
earlybecaus€auchys stresgensorcannothandlelargedis-
placementsGreens straintensor however, impedesa rapid
numericalsolutionandmalkesimplicit time integrationvery
difficult (seechapter2).

In thissectionwewill locally linearisethediagonalcom-
ponentsof the straintensorto alleviate the solution of the
ODE. Fromthis modelwe canderive a particlesystemthat
modelscontinuousobjectsby a finite differencediscretisa-
tion. This elasticmodelwill be summarisedherebriefly. For
detailswe referto thefull article?”.

Thekey is anapproximatiorof thestresgensorGiventhe
deformedsurfaces(u, v), we approximatethe stresstensor
by

. ( fa (sl 1)

U< sy, 8> (13)
ln<s,s> ’

ka(lsvll = 1)

whereks, ko, andu arethe elasticmaterialconstants.

Thistensoris pluggednto theequatiorof motionfor con-
tinuousobjects(11). In particular in the straintensorthe
dominatingdiagonalcomponenthave beenlinearisedwith
respecto alocal restframe.Thus,the numericalsolutionis
alleviated.

Fromthediagonalcomponent®f thestresgensomwe de-
rive the following expressionfor the stressby finite differ-
encediscretization:

k12
Gi = 7z (I =xjll =),
wherel is the restdistancebetweenthe particlesat x; and
Xj. Thesheartermoy, = 5‘ < sy,Sv > asgivenin equation
(13) is also approximatedby finite differenceslt is com-
putedfrom the four directneighbourof the centralparticle
in the meshasfollows:

H
012 = gz < Xupper—Xjower: Xright ~ Xleft >

The shearstrain is measurecby the scalarproductof the
angledormedby all edgesncidentto a particlevery similar
to the particlesystemalreadypresentedn sectionl.1.2

Linearspringforcesresultfrom approximatinghe diver
genceof thediagonalentriesin the stresgensor

ki

Xj — Xj
=5 |5 —xp) =l —

T | (14)
lIxi = x|

Notethatthe f; ; areactuallyforcedensitiesaswe have con-
tinuousobjects.Analogouslyto the diagonalcomponentsf
the stresstensor the correspondingorce terms are com-

0012 1 _ 00z 1 ivati 7
putedas %5 IISuIIS“and e ”svlls\,(foraderwatlonseé ).

Additionally to the stretchand shearforces, which are
derived from the stresstensor(13), we adda thin plateen-
ergy accordingto equation(12). Theresultingforcescanbe
discretizedagainby finite differencesj.e. the fourth order
derivatives are computedby fourth order differenceopera-
tors. The surfacenormaln at a particleis computedasthe
usualvertex normal.

For rectangulameshest canbe verified that this parti-
cle systemapproximatesheaccurateeontinuummodelwith
linearprecisionj.e.we have convergenceto theaccurateso-
lution whenthe resolutionis increasedFor generalquadri-
lateralmeshesthesolutionstill corverges,but doesnot pos-
sesgheapproximatiorproperty

1.2.6. Viscosity

Figure5 shaws atypical strain/stressurve thatcanbe mea-
suredwhen a textile patchis stretchedand relaxed. Hys-
teresiseffects asin this figure are due to enegy dissipa-
tion. Whenthe materialdeformsunderexternal forces,the
strain/stresselationis describeddy the upperbranchof the

(© TheEurographic#ssociation2002.
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hysteresiswWhenit is releasedand contractsagain,this re-
lationshipis describedy the lower branchandthe areabe-
tweenbothbranchess proportionalto thedissipateceneny.

Force

A

loss of
energy

Elongatior

Figure5: Hysteesis

Therearesereralcausesgor enegy dissipationrwvhenmod-
elling deformableobjects.We will focusexclusively onin-
trinsic effects, i.e. thosethat do not dependdirectly on ex-
ternalforceslik e friction dueto fluid flow (wind). Internal
friction dependson the relative motion of partsof the de-
formableobject, that is, on the strain rate. The strain rate
tensoris definedas

(15)

Theforcesgeneratedby internalfriction areoftencalledvis-
cousin analogyto Newtonianfluids. A viscousstresscanbe
computedanalogouslyto equation(10):

oij = Diju VK, (16)

wherethe “viscosity tensor”’D hasthe samestructureasthe
elastictensorC. The viscousstressis addedto the purely
elasticstressIn mostimplementationghe viscosity tensor
D is chosenconstantand proportionalto the elastic ten-
sorC. This producesa materialcalleda Kelvin-Voigt solid,
the simplestviscoelasticsolid. Note that the springdamp-
ing forcesas statein equation(4) canbe derived from this
model.

In orderto fit thetypical behaiour of cloth,amorecom-
plex andvisco-elastianodelhasto bechosenFor instancea
constanQ modelallows to reproducea measuredhysteresis
cune quiteelegantly36.

2. Numerical Simulation
(MichaelHauth)

2.1. Methodsfor Numerical Integration

As we have seenin theprevioussectionmechanicakystems
areoftengivenasa secondrderordinarydifferentialequa-
tion accompaniedy initial values

X'(t) = fu(t, X(t),X (1)),
X(to) =X, X (to) = Vo. 17
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Thedifferentialequatiorcanbetransformednto afirst order
systemby introducingvelocitiesasa separateariable:

{mwy_[ v(t) [ﬂ@}_[m
v(t) | T fu(tx(),v(t)) |° vite) | T | vo |

(18)
For the next few sectionst will be convenientto write this
ODE in themoreabstracform

y(t)=f(ty®), ¥lto)=Yo, (19)

beforewewill comebackto thespeciaketting(18) for even-
tually gainingcomputationahdwantages.

Figure 6: Solutionsof examplel for A = 2 (dashed)and
A = —15¢(solid)

Throughouthe following discussionwe will usethe fol-
lowing examples:

1. ¥ = Ay, y(0) = Lwith A = 2, —15fort € [0, 1] (figure6).

2. The overdampedwave equationy” = A/2y + Ay with
A =5 for t € [0.10] and starting values y(0) =
0,¥(0) = 1. It has the analytical solution y(t) =
1/15\/1_561/2(75+\/1_5)t_1/15\/1_5e—1/2(5+\/1_5)t

3. This exampleis basedon a simple mechanicalsystem
(figure 7(a)): A particle p with massm connectedo the
origin usinga springwith stiffnessk, dampingd andrest
lengthl, is pulled down by gravity. This settingis de-
scribedby the ODE

d’z k(lp—2z) ddz

@@= m T ma % (20)

We setthe parametersn= 0.1, k =100, lg = —1,d =
1, g= —10vp, = —5 andsimulatethe interval t € [0, 2]
(figure 7(b)).

2.1.1. Explicit methods

The oldestand mostsimple methodof integrationis the so
calledforward or explicit Eulermethod.Time is discretised
into slicesof length h. To get a formula for adwancing a
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(a) Themechanicabystemof example3.

(b) Exact solution of example 3: z (solid), Z
(dashedpndanimplicit Eulersolution(seebe-
low) for largetimesteps.

Figure 7: Example3.

timestep h the differentialquotienton the left handside of
(19) is replacedvy theforward differencequotient
t+h) —y(t
WD oy =taym). @
Thuswe getthe integrationformula for adwancinga single
timestep

y(t+h) =y(t) +hf(t,y(1)). (22)

Iteratingthis methodgivesa sequencef numericalapproxi-
mationsyn = y(tn) =: y(tg + nh). Geometricallythis method
canbeinterpretedasstraightlyfollowing the tangentof the
solutionandthenrecalculatinghe slopefor the next step.

There are several criteria for evaluating an integration
method:

e convergence
e accuray

e stability
o efficiency

Convergencemeanghatfor h — 0 the numericalsolutions
Yn meetthe analytical.All usefulmethodsmustbe corver-

gent,sowewon’t discussion-cowvergentmethodor criteria
for convergence Moreinterestings theaccurag or orderof

amethod By thiswe meanhow fasta methodcorvergesfor

h — 0, or with otherwordshow accuratehe solutionis for

agivenh. By usingataylor expansionfor the exactsolution
afterasingletimestep

y(t+h) = y(t) +hy (t) +h?/2y"(t) + O(h®)  (23)

we find thatfor thenumericalapproximatior; producedyy
anexplicit Eulerstep

y(t1) =Y = O(h®). (24)

If we continuethe methodusingthe numericalsolution';
asastartingvaluefor the next timestepwe lose® a power of
h for theglobalerror

¥(tn) — Yo = O(h). (25)

Thismeanghattheexplicit Eulermethodcorvergeslinearly
or hasorder 1. We will analysestability andefficiengy of the
methodlater.

As anext stepwe will introducemethodsof higherorder
For this a centeredlifferenceestimatiorfor y (t + h/2) (19)
is used

wh—y“) ~Y (t+h/2) = f(t,y(t+h/2). (26)

andthusasaniterationscheme
Y1 =Yn+ f(t,y(ta +h/2)). @7)

But how do we find y(tn + h/2)? For an estimationwe use
anexplicit Eulerstepto get

k= Yo+ BE(LY0) (28)

Yor1= Yn+hky, (29)

the so called explicit midpointrule. The estimationby for-

ward Euler, althoughnot very accuratds good enough,as
the function evaluationis multiplied by the timestepto ad-
vanceto the next approximation.So by a taylor expansion
we find alocal error of O(h3) leadingto aglobalerrorof

Yo —y(tn) = O(h?) (30)
for the explicit midpointrule.

Generalizingthe idea of using function evaluationsat s
intermediatgpointst +c;h leadsto theRunge-Kittamethods
definedby a Runge-Kittamatrix (a;j), weightsbj, abscissae

(© TheEurographic#ssociation2002.
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¢j andtheequations
S
k=Ynt+h S ajk]
j=1
with kf = f(th+ghk)for i=1,...,s
S
Yor1 =Ya+h Zbik{ (31)

i=

Thecoeficient setcancomfortablybe specifiedike in table
2. If thematrix (&) is strictly upper all innerstages only

Ci| a1 a2 -+ Qs
C2 |12 ag2 - Az
Cs| @1 a2 -++ Qs

by by - bs

Table 2: Genernl Rung—Kutta method

dependonk; with j < i andthuscanbe computedbneafter
theother

The mostfamousoneis the methodby Rungeand Kutta
givenin (3) togetherwith the explicit midpoint rule inter-
pretedasa Runge-Kittamethod.The methodby Rungeand
Kuttapossessesrder4.

0
0|0 0 1/2 | 1/2
111 o0 /2| 0 1/2
110 0 1
0 1

|16 2/6 2/6 1/6
Table 3: Explicit midpointand“the" Runge-Kutta method

By usingalgebraicrelationsfor the coeficients, it is pos-
sibleto constructexplicit Runge-Kitta methodsof arbitrary
high orderresultingin mary inner stageswith mary func-
tion evaluations.But for mostpracticalapplicationsorder4
is sufficient.

Having constructedll thesemethodwe now will try them
onourexamples.

Thediagramsn figure8 wereproducedy solvingtheex-
amplesusingdifferenttimestepsaandmeasuringhe number
of floating point operationmeededor achie/zing the speci-
fiedaccurag whencomparedvith the (analytical)reference
solution.In thework-precisiondiagramthey-axisshavs the
error || Ye..q — Y(tend)|| asa function of the requirednumber
of floating point operationsThe first examplewith A = 2
(figure 8(a)) shavs exactly the expectedbehaiour: when
reducingthe time stepand thus investing more work, the

(© TheEurographic#ssociation2002.

numericalsolutionsconverge againsthe referencesolution.
Moreover the slopeof the curvesin the doublelogarithmic
plot exactly matchthe order of the method.But in all the
otherexampleg(figure 8(b)-8(d)) this behaiour only shavs
up after aninitial phase wherethe solver producescom-
pletelywrongresults Thisis the pointwherestability comes
in. We will now analysethis by usingthe simplestexample
whereit occurs,i.e. examplel with A < 0.

2.1.2. Stability

The equationfor examplel is called Dahlquist’s testequa-
tion

Y=\, AeC. (32)
Its exactsolutionto aninitial valuey(0) =y is givenby
y(t) =€"yo. (33)

This equationis a tool for understandingndevaluatingthe
stability of integration methods.We have seen,thatin the
dampedcasecharacterisethy ReA < 0 corvergenceis only
achiezed by very smalltimestepsin this case sincethe ex-
ponentis negative, the analytical solution is boundedfor
t — oo. Thereforea meaningfulnumericalmethodis re-
quiredto deliver aboundedsolution.An integrationscheme
thatyieldsa boundedsolutionis calledstable

If we apply the explicit Euler's methodwith a fixed step
sizeh to (32) then-th point of eachsolutionis givenby:

Yo = (1+hA\)"yo (34)

For the explicit Euler schemethe numericalsolutiongiven
by (34) is boundedf andonly if |1+ hA| < 1,i.e.for hA in
theunit ball around-1. A similar analysiscanbecarriedout
for the othermethodsand alsoresultsin restrictionsof the
admissiblestepsize.

This analysisexplainsthe sharpbendin figures8(b)-8(d).
Only when the step size drops belon a certainlimit dic-
tatedby A (byh < A~ Lin caseof theforward Eulermethod)
the numericalsolutionscancorverge. If the dampingis in-
creasedi.e. ReA — —oo, thenfor the explicit Euler neces-
sarilyh — 0O for thesolutionto bestable Thismeanghestep
sizeis artificially limited andit cannotbeincreasedeyond
thestability limit in orderto save work sacrificingsome- but
notall - accurag.

2.1.3. The implicit Euler method

To construcia methodthatbettersuitsour needswve go back
to (19) andsubstitutehedifferentialquotientby a badkward
differencequotientfor y(t + h)

wh—vm ~y (t+h) = ft+hyt+h). (35

Thistime thisresultsin theintegrationformula

Yn+1:Yn+hf(t+h,Yn+1), (36)
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Figure 8: Work precisiondiagramsfor the explicit Euler, explicit midpointand RK4 methods.

the so calledbackward or implicit Eulermethod.As its ex-
plicit variantthis methodcanbeshavn to have orderl. Now
thenumericakolutiononly is givenimplicitly asthesolution
of the possiblynonlinearequation

Yos1—hf(t+h Yop1) — Yo = 0. (37)

If we applythis methodto the Dahlquistequationwe getthe
recurrencdormula

Yo = (1—M\) " "yo. (38)

The numerical solution Y, remains boundedfor |(1 —
hA) 7Y < 1. If we assume\ < 0, this holds for arbitrary
h > 0. Thusthereis norestrictionon stepsizethe methodis
unconditionallystable Figure 10 shavs the work-precision

diagramsfor the implicit Euler methodand our examples.
We obsere that we never loosestability and we especially
dono missthesolutionby severalordersof magnitudecom-
paredto theexplicit methodsalthoughwe loosesomeaccu-
racy whenthetimestepdecomdarge.

As apracticaltool for graphicallyvisualizingthe stability
propertiesof a methodwe definethe stability region S to
be the setof parametersfor which the integration method
yieldsa boundedsolution:

S :={z:=hA € C: thenumericalintegration
of equation(32) withstepsizeh and

paramete is stablg. (39)

(© TheEurographic#ssociation2002.
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Figure 9: Stabilityregions(shaded)f the methods.

Methodsthat containthe completeleft half-planein S are
called A-stable or unconditionally stable They are well
suited for the stable integration of stiff equations.Obvi-
ously theimplicit Eulerschemas A—stable whereasts ex-
plicit counterparts not. Thestability regionsof all presented
methodsareshavn in figure9.

After reviewing theprocesghatled usto the definitionof
the stability region, we canoutline a moregeneralideathat
will allow usto determineeasilythe stability of morecom-
plex methods.The ideafor analysingboth Euler methods
appliedto (32) wasto find a closedexpressiondescribing
the stability functionR. This functionmapstheinitial value

Yo to thevalueYy, performinga singlestepof the method
R: Yo — Y1 (40)

ThusYn = R(hA)"yp. For theexplicit Eulermethodwe found
in (34)

R(2) =147z (41)
for theimplicit versionin (38)
R(2) =+ (42)
1-2z
Thedefinitionfor the stability region now reads
S={zeC :|R(2)| < 1}. (43)

2.1.4. Methods of higher order

To find a higherordermethod,we go backto equation(27)
anddo not replacethey(t + h/2) but take the formulaasan
implicit definition of y(t + h). We gettheimplicit midpoint
rule

Y1+Yo
>2). (44)

Y1:Y0—|—hf(

Furtheron we usea simplified notationfor adwvancingone
step,writing Yo andY; insteadof Yo andYp 1.

(© TheEurographic#ssociation2002.

Alternatively the midpointrule canbe derived asa collo-
cationmethod® with s= 1 internalnodesj.e. by construct-
ing a polynomialinterpolatingthe particle trajectoriesat a
given, fixed setof s node&®. This ideaallows for the con-
structionof implicit Runge-Kittamethodswith arbitraryor-
det In contrasto explicit methodghematrix (a;j) ceaseso
bestrictly lower triangular Thesemethodsarecomputation-
ally moreexpensve, sowejuststickto themidpointrule. Its
stability functionis givenby

_142/2
T 1-z/2°

As R < 1for ary Rez < 0 theimplicit midpointrule is A-
stable.

(45)

As anotherpossiblechoicewe now introducemultistep
methods They are computationallyinexpensve because
they have no inner stagesand someof them are A-stable.
A multistepmethodwith k stepss of thegeneraform

k k
Z)Gij—jJrl =h Z)Bj fr—j+1,
1= 1=

with fnij := f(tntj, Ynsj). Here we also have ‘history
points’ with negative indices.The coeficient oy is required
to be nonzero;for variabletime stepsizesthe coeficients
dependnthelaststepsizeswhich we have omittedherefor
the easeof demonstrationimportantspecialcasesare the
classof Adamsmethodsvhereag =+ = ag_» = 0:

(46)

k
Yi=Yo+h¥ Bjfu_js1 (47)
2
and the classof BDF—methodgbackward differentiation
formulas)with fgp=+-- = px—1 =0:
k
oYk j+1 = hBk 1.
2

(48)

If theformulainvolvestheright-handside f; atthe new ap-
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Figure 10: Work precisiondiagramsfor theimplicit Euler, implicit midpoint,BDF(2) and \erlet (whene&er possible)methods.
Theresultsfor Euler are for comparisorandthe sameasin figure 8.

proximationpointY; themethodis saidto beimplicit. BDF-
methodsare alwaysimplicit. The coeficientscanagainbe
constructedy a collocationapproachBDF-methodsexist
up to order 6, higher order methodsloose consisteng for
ary choiceof coeficients®.

Thestability regionsof implicit andexplicit Adamsmethods
areboundedandlocatedaroundtheorigin, thusthey arenot
interestingfor largetime steps.
BDF-methodsverethefirstto bedevelopedto dealwith stiff
equationsaandpossessn unboundedstability region cover-
ing a sectorwithin the negative complex half-plane.There-
fore they are amongthe mostwidely usedmethodstoday
For k+ 1 points,thesemethodgpossessrderk+ 1 andonly

one nonlinearsystemhasto be solved, whereass coupled
systemshave to be solved for an s-stageimplicit Runge-
Kuttamethod.

The BDF-methodfor k = 1 is just the implicit Euler
method for k=2 the methodis givenas

Y1 = é—lYo—}

2
3 3Y_1+ §hf(t+h,Yl) (49)

The coeficients for higher order methodsare given in ta-
ble 4. The stability region of BDF(2) andthe otherimplicit
methodsareshawvn in figure9.

(© TheEurographic#ssociation2002.
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3 5 1 1
ﬁl -3 é _1 1
25 5 4 1

L 4 3 -3 3 1
L3y 5 5 10 5 _1 1
A S O S B
60 2 3 4 5 6

Table 4: BDF Methods

2.1.5. The Verlet method

As a last methodwe will discussa schemecommonlyre-
ferredto asleapfrogor StoermetVerletmethod.It is espe-
cially efficientif (17) is given asthe secondorder system

X' (t) = fu(t,x(t)), (50)

i.e. fu(t,x(t),x' (t)) = fu(t,x(t)). It is notapplicableto gen-
eralfirst ordersystemaof theform (19).

V[/.? v3/3 v5/2 v7/2
A A A

Figure 11: Staggered grids for the Veerlet method.

To derive it, we usecentereddifferencesat a staggered
grid (figure 11) i.e. we now approximatev att + (2i + 1)h/2
andx att + ih by centeredlifferences

Vnt1/2 = Vn-1/2

h f(xn) (51)
—Xn
XMlT =Vni1/2 (52)
thus
Vnt1/2 = Vn—1/2+hf(xn) (53)
Xn+1 = Xn+ V12 (54)

Themethodpossessesrder2 asonecanseeby substituting
(53) into (54) resultingin the secondordercenterediffer-
ence

Xnp1— Xn+Xn_1
S =

From this equationan alternatve formulation of the Verlet
schemeasa multistepmethodcanbe derived

Vn —Vp_1 = hf(xn) (56)
Xnt1— Xn = hh, (57)

f(Xn). (55)

which omits the half stepsandstaggeredyrids from above.
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Now for secondorderequationswhich do not possesshe
form of (50) one may replacef(xn) by f(xn,vh—1) atthe
expenseof somestability. Correctlythe replacemenhadto
bewith f(xn,vn) but this would resultin aimplicit method.
Now we canapplythe methodto examples? and3.

Figure 10 shaws the work precisiondiagramsfor theim-
plicit methodsEvenfor largetime stepsthesemethodggive
approximationgo the exactsolution. After a somevhatun-
even corvergencephaseall the explicit methodsconverge
smoothlyfor decreasingime stepto the exactsolutionwith
aslopegivenby their order

Up to now we have omitted a discussiorof the stability
propertief theleapfrogmethod Fromthe examplesit can
be obsered thatthe methodcannotbe unconditionallysta-
ble. Indeedsomemoredelicatecomputationshaw thatthe
methodonly deliversa boundedsolutionfor arbitraryh > 0
for purely oscillatoricequationsj.e. for secondorderordi-
nary differentialequationsof the form (50) (with no damp-
ing term)anda contractve right handside.Neverthelesshe
methodremainswell behaedin the presencef low damp-
ing. This explainsits importancein molecularandcelestial
dynamics,whereall systemsare conserative. In figure 12
we appliedthe Verlet methodto the undampedvave equa-
tion y" = 5y andit is clearly oneof the bestchoicesover a
wide rangeof accurayg requirements.

/ —— explicit Euler
1 —— implicit Euler
—<— implicit Midpoint ||
—— BDF(2)
—— Verlet

precision
i
o
>
:
/E

[
o,
N
/
#
/
/
#

"\\
107 .

10

10" 162 63 16‘ 165 °
work (flops)
Figure 12: Work precisiondiagram for the explcit/implicit

Euler, implicit midpoint,BDF(2) and Verlet methoddor the
waveequationy’’ = —5y withoutdamping

2.1.6. Selectingan efficient method

Which methodis bestfor a certainapplication?This ques-
tion is nearlyimpossibleto answera priori. Theonly choice
is to try a setof methodsandto evaluatewhich oneperforms
best.Choosinghe methoddo try, thoughcanbedonebased
on theoreticalconsiderationand obsenationsof the prob-
lemathand.A possiblestrateyy is shavn in figure 13.

The samestatemenholdsfor predictingthe efficiency of
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Figure 13: Selectinga method.

amethod Generallyimplicit methodsequiremorework per
step.Ontheotherhandonemaybeableto usetime stepshat
areseveralmagnitudegargerthantheonesexplicit methods
would allow. Although accurag will sufer, the integration
won't be unstable(seefigure for example7(b)). If evalua-
tions of the right handside function are cheap,a stepwith
RK(4) is fasterthanan implicit stepwith BDF(4). On the
otherhandif it is cheapto computea good sparseapproxi-
mationto thejacobian,it may be moreefficientto solve the
linearsystemwith afew cg iterationsthanto perform4 full
functionevaluations.

2.2. Solving nonlinear systems

All implicit methodsequirethe solutionof a nonlinearsys-
tem.Theimplicit Eulermethodfor examplereduceourin-
tegrationproblemto the solutionof the nonlinearsystem
Y1 —hf(Y1)—Yo=0. (58)
Theothermethodsyield a systemof similarform, namely

1
Y1 —hf(>(Y1+Y0)) Yo =0
2 4 1
Yi— 260+ (=2 + 2y ) =
1= 2 1)+ (=3Yo+ Y1) =0

(59)
(60)

for themidpointandBDF(2) rule,respectiely. Thisis anon-
linear systemof dimension6N. This systemmustbe solved
with Newton’s methodto allow for arbitrarystepsizesinde-
pendenbf A. Simplermethoddor nonlinearsystemswvould
compensatehe advantageof A-stability becausehe num-
ber of iterationswould increaseproportionallyto the stiff-
nessparametefA|. We now will work out an approachfor
implementingNewton’s methodefficiently.

2.2.1. Newton’s method

For thenonlinearsystemG(Y) = 0 we computeanumerical
solutionby thefollowing algorithm:

Algorithm 1: Newton’s Method

(1) for k=1,2,... until convergence do
(2) Compute G(Y¥).
(3) Compute J¥ = 2.G(Y¥).
(4  Solve J¥s¥ = —G(YW).
) YD :=Yy® ¥
end

Applying Newton’s methodreducesthe problemto the

successie solutionof linear systemsin a classicalNewton
methodthis is achiezed by Gaussiarelimination.This intro-
ducesa lot of non-zeroelementsnto the factors.Although
reorderingtechniqueslleviate the effects, this approachs
too expensve for the presentpplication.
A lot of author$ 8 useiterative methodgo solve thelinear
systemWe will alsousethe conjugateggradientmethodhere
to solwe the linear systemsin eachNewton step.Unfortu-
natelythis changeghe corvergencebehaiour of the outer
Newton method,which is referredto asan inexact Newton
methods, givenby algorithm2.

Algorithm 2: Inexact Newton Method

(1) for k=1,2,... until convergence do
(2) Compute G(YW).
(3) Compute J¥

= 0 (YW,
@)  Find $% with J¥

) — —G(Y(k])) +r®,

0l

(© TheEurographic#ssociation2002.
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such that [|[r|| < ni||G(YY)l.
6 Yyt g
end

2.2.2. Residualcontrol

Theerrorof theiterative solutionof thelinearsystemis for-
mulatedin termsof the residual,which is easily computa-
tionally accessiblewhereaghe actualerrorcannotbe com-
puted.Thetoleranceof thelineariterationis decreasegro-
portionally to the monotonicallydecreasingesidualof the
nonlineariteration.

An analysisof this method® shawvs thatit corvergesunder
rather weak additionalassumptionslf the classicalNew-
ton methodcorvergesandthe scalartolerances) areuni-
formly boundedby ann < 1, theinexactmethodconverges.
In literaturethe n® are referredto as forcing terms Note
thatthis additionalassumptions alsonecessaryfForn = 1,
s¥ = 0 would be admissibleand the iteration would stag-
nate.

Theinexactmethodthenatleastconvemeslinearly, whereas
Newton corvergessuperlinearlyBy choosingheny to con-
verge to zero sufficiently fast8, the convergenceof the in-
exact Newton methodcan be forcedto have an order> 1.
In a neighbourhoodf the solution the cornvergenceusu-
ally speedsip. By extrapolatingthe solutionof the previous
time stepwe obtaina goodinitial valuefor the new solution
andthe methodconvergesquickly usingthe constantound
n = 0.02withoutimposingatoo stricttoleranceonthelinear
soler.

2.2.3. Inexact simplified Newton methods

The efficiengy of the Newton method can be further im-
proved by anotherapproximationln the simplified version
of Newton'smethodthe Jacobiard™ is approximatedvy J©.
Sucha schemecan be rewritten in the form of an inexact
Newton method,if the linear systemis written as follows
andJ is choserasapproximatiorto J®

Js(k) — _G(Y(k)) 4 (J _J(k))s(k) + r(k)
=1 —G(Y¥)+¥ (61)

The residualr® is replacedby the larger F*, which can
be boundedif J ~ J¥. By choosingfi® appropriatelythe
methodstill corverges.In fact, we tradesomeaccurag ap-
proximatingJ® againstaccuray in solving the linear sys-
temandupto a certainlimit the methodstill behaesasbe-
fore.

This degreeof freedomcanbe further exploited be even
not computingJ® but a sparseapproximationof it. In our
system! we modelledcloth usingthe continuity basedap-
proachfrom section1.2.5 The choiceof the approximated
Jacobians motivatedby observinghatthedominatingstiff-
nessis inducedinto the systemby linear springforcesfrom
(14). Thesearesplitinto alinearandanonlinearpart.

(© TheEurographic#ssociation2002.

We approximateheright-handsideof the systemby thelin-
earexpression
Rin(X,V) = [lzl(xi —Xj) + I%(Vi —Vj)] (62)
i@, 5)ee L ij
Writing this equationin matrix notation

Fin(x,V) = Kx+ Dy, (63)

we approximatehe full Jacobiarof the systemby the Jaco-
bianof K, (X, V). Thenwe apply (61) with

J=I—hv<f<) ,g), (64)

whereh is the time stepandy dependon the integration
methodused.In the implementatiorthis systemof dimen-
sion 6N can be reducedto a systemof dimension3N by
exploiting the linear relation betweenpositionand velocity
(section2.3).

This choiceof the Jacobiarhastwo major adwantagesover
thefull JacobianFirst,J isinexpensve to computeandonly
changesvheneitherthe materialconstantsr the stepsize
changesSecondwe reducethe entriesin the Jacobianto
approximatelya third of the entriesin the sparsitypattern
of the full JacobianHencean iteration of the linear solver
only requiresa third of the original time. Olviously this is
a major speed-ugdor the solver. The resultingalgorithmis
surprisinglysimple.

Algorithm 3: Inexact Simplified Newton’s Method
(1) Compute J = %G(Y(O)).
(2) fork=1,2,... until convergence do
(3) Compute G(Y¥).
4)  Find s¥ with Js¥ = —G(Y¥)) +r®,
such that [[r || < fil|G(Y®)|].

(5) Update Y** :=Y® 1. g¥

end

2.2.4. Adaptivetime stepping

Newton’s methodcan alsobe usedto control the stepsize
of the ODE solwer. If the corvergenceof Newton's method
is poor, thetime steph is reducedsuchthat the solution of
the previous time stepis a betterstartvalue for the current
time stepand achieves a fasterconvergence.On the other
hand thenumberof Newtoniterationsnecessaris acriteria
for thebehaiour of theintegratorandhasalreadybeenused
for anorderselectioralgorithmf? of the Radauintegrator In
ourimplementationhenumberof Newtoniterationsdecides
whetherto increaseor decreas¢hetime steph.

2.3. Assemblyof a solver

All tools have beenpresentedo assemble numericalinte-
gratorandspecialisdt to mechanicabystemsAs anexam-
ple we provide a solver basedn BDF(2) andthe simplified
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inexactNewton methodwith adaptve time stepping Wefirst
derive the schemewith fixed stepsize

3 1

éYl —2Yp+ EY_l =hf (Y]_). (65)
Splitting Y = [x,V]" and f = [fx, f,]" into positionandve-
locity part

4 1 2
X1 — 3%+ 3X-1= §hV1 (66)
4 1 2

\ §V0+ §V_1 = §hfv(Xl,Vl). (67)

Substitutingfor x; leavesoneequation

vy — ilv + }v
1= 3%t 3V-1
2 2 4 1

For applyingNewton’s Methodwe have to differentiatewith
respecto v obtainingthe equatiorfor theupdate

4,0 2 0 ®
( 9ha fu(x,V) — 3hava(x,v))s

—g(x’,vy") (69)

with theright handside
4 1 2
§V0 + §V_]_ — §hfv(X1,V]_). (70)

We also updatethe spacepart x during Newton iteration,
simplifying the functionevaluation

O(X1,V1) = Vi —

X = %xo — %x_l + gh\/l"“) =x + ghé"). (71)
Now weintroducetheapproximatiorto the Jacobianrewrit-
ing the system(69) to

(1 - 22k = 2h0)g — —g0t ). (72

We omittedthe variablestepsizelf h changesequation
(65) andderived scalarchangeo

(14 w)? o’ 1+
Y, Y | =hhev——f; (7
1120 0 152w L= Mevon M (73)

(e

with w = e in particular(72) (resp.(69)) changeso

(1- (2922 ﬂhD)sfk)

1+ 2w 1+ 2w
—604’, ) (74)
with
. o (1+w)? o’
§(x1,v1) =v1 1426 0 T2Vt
1+w
1+2wth(X1,V1) (75)

Theupdatefor x becomes

2
ey (1+ ) _ o’ 1+w k1)
= 142w 1+2w 1t 1—|—2whnew
1+w
e 1:2whnew§k). (76)

Thuswe have thefollowing completeintegrator

Algorithm 4: BDF2-Solver

1) w=1
(2) /I timestepping loop
while t < tengdo
(3) t=t+h
(4)  Update if necessary K and D.
(5) IfK,Dorh changed precompute

A=1-— (1&2‘&) hPK 114252)“[)
6) Vvo1=Vvo,Vo=V1
(7)  Precompute the constant terms in the
integration formula (73) and (75)
(8) Initialise the starting values x1 =V1 by
extrapolation and
compute g = §(x", ")
(9) //Newton loop
while [|§(x}’,v{")|| > tol
and k < max_newt
(10) Solve As¥ = —g
such that [|g— As¥|| < nl|g]|-
(11) Compute Vi*¥ and x{*? using (76)
(12)  Update g= g(x;*” \/(k+1 )
(13) k=k+1
(14) end while
(15) If K< h_upincrease h
If K> h_down decrease h

_ boey

Poig’
(16) end do

2.4. Comparison of methods

After we have establishedhis theoreticalbackgroundwe
arenow ableto describemary of the currentsimulationap-
proachedor cloth simulationin a unifying way.

Baraf and Witkin2 formulate nonlinearconstraintsand
use their linear approximationfor the constructionof an
implicit solution method commonly referredto as linear
implicit Euler This way the systemto be solved also be-
comeslinear and canbe solved efficiently by a cg-method.
This methodcorrespondso the solutionof a nonlinearsys-
temwith only one Newton iteration.Becausehe nonlinear
partis notintegrated with high stiffnessonemay encounter
problemst 25,

Desbrunet al.?2 usedProvotsmodel® (sectionl.1.1) and
alinearimplicit method But insteadof linearizingthewhole
system,they split it in a linear and nonlinearpart and use

(© TheEurographic#ssociation2002.
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a precomputednverseof A for solving the linear part of

the equationsThey don't aim at solving the equationcom-

pletely asthey don't integrate the nonlinearterm explic-

itly. Insteadthe angularmomentumis correctedto account
for the nonlinearpart. With this algorithm one can neither
changethe stepsizeh nor dealwith an Jacobiardepending
ont.

Delunneet al2! usea simplified versionof a linearim-
plicit Euler method.To solve the differentialequationaris-
ing from their geometricnonlinearGreenmodel,they apply
an implicit Euler methodusing a single Newton iteration.
The Jacobiaris approximatedy the 3x3 block-diagonabf
the linear Cauchytensor allowing a very fastinversionand
application.

3. Collisions
(BerndEberhadt)

3.1. Intr oduction

In thephysically-basedimulationof rigid or non-rigidbod-

ies therearethreemain stepsto be solved asefficiently as
possiblebut alsoasaccuratelyasnecessaryComputatiorof

the dynamicsof ary object,detectionof collisionsbetween
objects,and computationof the collision responsej.e. of

forcestaking effect by collisions.

Thus, an importantissuein modelling cloth is to deter
mine the interactionor penetrationof the cloth with itself
andits surroundingsin fact, it would be only half of the
storywithoutit.

Theuseof particlesystemsn calculatingtextiles enables
realistic modelling closeto experimentaldata. This phys-
ically basedmodelling provides a realistic interactionbe-
tweenobjectsin a system.The first and arguably mostim-
portantstepin settingup a physicallybasedmodellingsys-
temis anaccuratecollision detection.

As describedn the previous tutorial sectionswe calcu-
late the trajectoryof a particlevia an integrationof textile-
specificdifferential (difference)equationssolving aninitial
value problem.The initial values,i. e. locationsand veloc-
ities of the particles,are well-definedbeforethe startof a
simulationvia an implicit/explicit Euler, Runge-Kitta- or
anotherintegrationschemeThenwe detectpenetratiorand
have to reactaccordingto the situationandadjustvelocities
and/orlocationsj. e.the new initial values.

Basedon our intuition peoplecan easily distinguishbe-
tween a physically corrector insuficient treatmentwhen
collision is detectedTextiles, or more generaldeformable
materials,are particularin collision detection.We may en-
counterarbitraryfolding andhencewe have to considee-
sidesthe classicalcollision with other objectsalso possi-
ble self-collisionsof the textile itself. Therefore,we need
apartfrom the physicallaws for the motion equationsa fast
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and very generaltreatmentof collision effects for cloth-
modelling.

Hence we have two problemsto solwe: first, thedetection
of proximities wherewe find trianglescloseto eachother
andsecondthereactionon this proximity wherewe wantto
correctandpreventinterferenceof our objects.

Thefirst problemof collision detectionrandotherproxim-
ity querieshasattractedsubstantiatesearctduringthe last
years;seee.g. Lin and Gottschalk” for a suney. Mostly
bounding-boxor -spheretestsare usedto breakdown the
compleity of checkingeachtriangle with eachother For
exampleif our moving objectsarecornvex polyheda fastal-
gorithmshave beendevelopedthatwork in expectedlinear
time, seee.g. 3% 73, Other methodsthat overcomethe re-
striction of corvexity have beendevelopedon the basisof
varioushierarchicalboundingvolume approachesoriented
boundingboxesusedin OBBtrees®3, sweptspherevolumes
64, anddiscretelyorientedpolytopeg(k-DOPs)®0,

In addition, possibly colliding objectsare identified by
Sweep-and-Prungrategies!. As opposedo boundingvol-
ume hierarchiesyegular grids partition the sceneinto vox-
els4 %3, Alternatively, graphicshardware! canbe emplo/ed
to detectcollisionsin image-spaceyhich waseveninvesti-
gatedfor cloth modelling®4.

By theseapproachednteractize responsdimes are pos-
sible on presenthardware for modelsconsistingof several
thousandriangles.To achieve interactve responseimesin
simulationsthat are governedby ODEs more sophisticated
techniquesareneededhatallow for fastdistancecomputa-
tionsin evenshortertime.

3.2. The Situation in Cloth Modelling

The situationfor simulatingaccuratelya cloth-like surface
is somavhatmoredifficult to dealwith thana usualdistance
computatiorof anensemblef rigid bodies.

For calculatingtextiles we have complicatednonlinear
differentialequationgo solve andthe surface canadaptto
almostary imaginablesurfacetopologymakingthecalcula-
tion of possiblecollisionsdifficult. Thuscollision andself-
collision detectionare often the mosttime consumingpart
of thesimulationalgorithm.

In the pastyearsvery fast cloth simulationtechniques
have beendevelopedto drive the cloth throughsimulation
using large time-stepsachieving almostreal-time calcula-
tions. Having to deal with theselarge time-stepscollision
detectionandits responsés an even moredifficult problem
to solve becausehe cloth movementwithin one time-step
canbequitelarge.

Moreover, calculationtime canbe dramaticallyaffected
by introducingcollision-detectiorand -responseSincead-
ditional stiffnessmaybeintroducedwhenreactingon a col-
lision, the numericalsolutionof the differential (difference)
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equationsmay becomeinstable using the large time-steps
and hencewe have to use smaller time-stepssometimes
dramaticallyincreasingcalculationtime. Therefore special
careshouldbetakenin the responseThis leadsto collision
foreseeingand preventing considerationgormulating con-
straintson the movementof cloth-particles.

Accuratecollision responses only possiblewith a mea-
sureof distanceébetweerclosemeshsurfaces Usingthedis-
tancean adaptve, constraintbasedapproactfor a collision
response&anbeemplo/edto avoid inter-penetrations.

Thebasicgeometricelementdor a collision detectioral-
gorithm may be the triangles(or polygons)of our virtual
objectsin the scenewe are considering.Every surfacein-
volved in the simulationprocesspeingpart of the cloth it-
self or being part of the scenery can also be assumedo
betriangulatedFor collision detectionwe basicallyhave to
male distancecomputationdor eachpossiblepair of trian-
gles.Clearlythis malkesup anunrealisticcaskmakingup the
socalledcompleity problem

A lot of possiblesolutionshow to breakdown this com-
plexity problemhave beenproposedn therecentyears.The
ideais explainedquickly: ‘Do nottestall thetriangles’.But
how do we find thetrianglesto betested?

e Embed comple objectsinto bounding volumeswhich
we caneasily checkon intersectionsMoore alreadyde-
scribedthis fundamentatechniquen 198874,

e Do not checktrianglesfar avay from eachotherusing
gridsor hierarchicaktructures.

Thesetwo aspectsnake up a fastcollision detectionalgo-
rithm andin the literaturewe find a whole variety of ‘fast’
androbustimplementations.

3.3. Preliminary Tests,Bounding Volumes

Reducingcompleity by using fastand not so mary tests
for complicated,complex objectsis the basicideaandto
thisend.MooreandWilhelm introducedBoundingVolumes
(BV) in whichthey embedhe objectsto betested.

TheseBoundingVolumesare geometricobjectscontain-
ing agroupof objects primitivesor just onesinglecomple
object. Collision detectionis then performedin two steps:
Firstwe detectonly intersectingooundingvolumes thenwe
checkfor collisionsinsidethevolumes.

Mary differenttypesof geometricobjectshave beenpro-
posedo playtherole of boundingvolumeseachhaving their
prosandconsdependingon the geometricpropertiesof the
colliding objects.However, therearesomepointsto be con-
sideredwhenchoosingthe right boundingvolumefor your
application:

e Is the collision testbetweentwo differentboundingvol-
umesefficientandfast?

e [s the constructionof the mary boundingvolumessur
roundinga comple objecteasyto perform?Canwe do
thisonthefly?

e Are alot of boundingvolumesneededor thegeometryof
our complex objects?

e Dol needalot of storageo describeanindividual bound-
ing volume?

e How well doestheboundingvolumesfit the model?

At this point we should mention at least Bounding
Boxes(BBs) possiblybeingboundingvolumes(BVs). Well,
boundingboxescomein severalvariations:

AABB Axis aligned boundingboxes, where we use the
usualboundingbox alignedto theworld spacecoordinate
systen®3. Two three-dimensionatoordinatesareenough
describingsucha AABB: Simply calculatemaximaland
minimal point of the objectto be encompassedror these
BVs teston intersectioris performedvery easilyby sim-
ply checkingthe given maximalpoints. Two AABBs in-
tersectjf andonly if we have intenal intersectionslong
all of thethreecoordinateaxes.

OOBB Objectorientedboundingboxes,wherewe allow in
additionrotatedandtranslatecboundingboxes3.

SpheresBoundingsphereswherewetry to encompaseur
objectby smallspheresAgain teston intersectiorof the
spheresreeasilycomputedandhave justradiusandcen-
terto be stored But it is not easyto find a goodcovering
andarenot easilybuild onthefly.

k-DOPs Discreteorientedpolytope,which is is a convex
polyhedrordefinedoy k half-spacegnclosingheobjects.
Thisis thetype of boundingvolumewe will considerfur-
ther Advantagesreolviously fastconvergenceandeasy
checksincewe have the sametestasfor AABBs by sim-
ply checkingintenal intersection®f thek half-space®.

For collision detectionin cloth modellingwe have to con-
siderthe ever changingshapeof our textile. Hencehaving
build oncean encompassingf our cloth for onetime-step
will notbe a sufficient coveringfor the next. Therefore be-
causearbitrary objectdeformationscannotbe expressedy
rigid rotationsandtranslationsprientableboundingvolumes
like OBBs*3, QUOSPO#%, or DynamicallyAligned DOP$2
arenot suitablefor cloth modelling.

We follow the ideasof Mezgeret al. 72 and therefore
choosecommonk-DOP$° asthey shav betterconvergence
than sphere® or ordinary AABBs®3. By corvergencewe
meanthe hierarchicalseriesof boundingvolume approxi-
mationof the surface(or object)to be checled.

3.3.1. k-DOPs

A k-DOP%0 (discreteorientedpolytope)is a convex polyhe-
drondefinedby k half-spaceslenotedas

H = {xeR™|n'x< b,n € N,b € R}.

(© TheEurographic#ssociation2002.
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The normals n; of the correspondinghyperplanes
of all k-DOPs are discrete and form the small set
N = {ny,...,nc} € R™. For arithmeticreasonghe entries
of the normal-\ectors are usually chosenfrom the set
{—1,0,1}. In order to turn the intersectiontest for the
polyhedronsinto simple interval tests, the hyperplanes
have to form k/2 parallel pairs. E.g. an axis aligned
boundingbox (AABB, 6-DOP)in R® is given by Ng =
{(£1,0,0),(0,%1,0),(0,0,£1)}, anoctahedrorf8-DOP)is
generatedy settingall normalcomponentso +1. We usu-
ally use14-DOPS(Ny4 = NgUNg) or 18-DOPS(AABB with
clippededges).

Theeasiestvay to build the k-DOP boundingvolumefor
a setof pointsis insertingtheminto a primarily empty k-
DOP by updatingits k/2 intervals accordingly The over
lap test betweentwo k-DOPsis implementedby intenal
testssimilar to the commonAABB, indicatingdisjointness
assoonasonepair of intervalsis disjoint. Thus,themaximal
numberof intenval testsis k/2 (in the overlappingcase).

3.4. Hierar chy, Spatial Subdivision

Boundingvolumesbreakdown considerablythe amountof
trianglesto betested However, we wantto checkonly those
objects(hencethe triangles)which are closeto eachother
How do | quickly determinethoseobjectswithin onepartic-
ular region in space?This is a commonproblemin com-
puter graphicsnot only in (physically based)simulations.
Two waysof tacklingthe problemarewell known:

e Grid subdvision andvoxel-structures.
e Hierarchicalsubdvision suchasoctrees.

Hierarchicalstructuresare knowvn to reducecompleity
enormouslyandthusshouldalsobe our choicein collision
detectionfor cloth-modelling.Grid subdvision is the sim-
plestway to divide space Theinsertionof verticesinto the
grid cells canbe performedeasilyandoneshouldusehash-
ing to storethe sparseoccupiedvoxel cells.

Howeveraspromisedwe will build up hereahierarchical
spacepartitioning.Iln additionwe have to build thehierarchi-
calspacestructurefor eachtime-stepdynamicallyandthere-
fore have to have somesortof updatemechanismif we have
arbitrarily moving objectsthis updatecan be very compli-
cated.Octreesare hierarchicalstructureddividing spaceby
filling objectsinto the structure Why not doingit the other
way round.We take our objectsandbuild up a hierarchical
structurein space.

The adwantageis olvious if we considerobjectswith no
constanggeometricstructurebut having constantocal topol-
ogy suchasdeformablematerials.However, asthe objects
freely move aroundthe hierarchyhasto be build efficiently
onthefly in ordernotto generate bottleneckandto gener
atenew proximity informationamongthe objects.
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3.4.1. k-DOP Object Hierar chy

Let BV bethetightestk-DOPenclosinga setof verticesand
|J theoperatiorforming thetightestk-DOP enclosingout of
a setof k-DOPs.Then, like AABBs alsok-DOP bounding
volumessatisfythe equation

BU(Y) = Uppepiv) BYK(P) (77)

for asetof verticesv andanarbitrarypartitionP(V). Hence,
theoptimalboundingvolumefor anodein the hierarchycan
be easilycomputedby meging its child boundingvolumes.
Vice versathe hierarchycanbe efficiently built usingatop-
down splitting method Figure(14) shavstwo hierarchylev-

elsfor the 18-DOP-hierarchyf anavatar

(b)

(d)

Figure 14: Two levelsof an 18-DOP-hiearchy. (a) and (c)
showthe18-DOPs(b) and(d) thecorrespondingegionson
thesurface

3.4.2. Node Split

As for the usualoctreeswe have to definehow we arego-
ing to split a large k-DOP into smallerones.As usualthe
boundingvolumesare split accordingto the longestside.
The longestside of a k-DOP is determinedby the facepair
with the maximumdistance The k-DOP is split parallelto
thisfacepairthroughits center As generallysomepolygons
arecut by the splitting plane,they areassignedo thatchild
nodewhichwould containthe smalleshumberof polygons.
In the lower hierarchylevels, if all polygonshappento be
cut, eachof themis assignedo its own node.Finally, asthe
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correspondingerticesfor the nodeareknown, thek-DOPs
canbe optimally fitted to the underlyingfaces.

Althoughthis methodis simple,it turnsoutto beefficient
on the onehandandto producewell balancedreeson the
otherhand.The completehierarchysetupfor objectshold-
ing several thousand®f polygonscanbe performedwithin
merelya secondallowing to addobjectsdynamicallyto the
scene.To achieve optimal collision detectionperformance,
the splitting continuesuntil onesingle polygonremainsper
leaf.

3.5. Collision, Self-Collision, and Heuristics

The above collision detectiontechniqueis now appliedto

an actualcloth surface.For this we considereachpolygon
of our cloth-surficeasa separateindividual objectpartici-

patingin the simulation.Upon theseobjects,togetherwith

the objectsthe cloth may collide with, we build the hierar

chicalstructuredescribedabore. In goingdown to theindi-

vidual polygonswe may processcollision regardlessf we

have polygonsof differentobjectsor polygonsof the same
(deformable)bject.

In additionto this ‘usual’ setupwe have for cloth addi-
tional informationwe we will useto speedup computation.
Adjaceny andsurfacecunaturearetwo criteria which al-
low for additional information on possiblecollisions (we
easily sort out triangleswhich can not collide). This is the
basicideaof theingeniouscollision detectioralgorithmpro-
posedby P. Volino and N. Magnenat-Thalmannn addi-
tion they obsenre the history of closeregionsto guarantea
consistentollision respons&. Recentpublication§” addi-
tionally addresk-DOPsasboundingvolumes.Provot’” de-
scribesasimilarapproacHor thesurfacecurvatureheuristic.

The obsenation basicallyis the following: Following the
basicdetectionprocedurewne seekthoseboundingvolumes
that overlap and will checkagainthe child-boundingvol-
umesbeingleft with individual polygonsto bechecled. For
cloth we consideras said the individual polygonsas indi-
vidual objectsand hencetheir enclosingboundingvolumes
will intersect.Adjacentpolygonshowever will never self-
intersect.For efficiency we thereforeshouldexclude those
directly adjacenpolygons.

Canwe extendthe region of non-self-intersectingrian-
gles?'A flat surfacecannothave self-collisions.If asurface
hasself-collisionsit mustbe bentenoughto form a loop."
88 A vectoris searchedhathaspositive dot productwith all
normalsof theregion. If suchavectorexistsandthe projec-
tion of theregion ontoa planein directionof thevectordoes
not self-intersecttheregion cannotself-interseceither

This is animportantoptimizationto the self-collisionde-
tection problem and should be includedin the algorithm.
However keepin mind thatthis is only possiblebecausef
the specialsituationin cloth modelling.To do this, a coneis

maintainedfor every region representinga supersebf the
normal directions.The cone can be calculatedduring the
bottom-uphierarchyupdateby very few arithmeticopera-
tions. Theapex anglea of the conerepresentshe cunature
of theregion, indicatingpossibleintersectionsf a > 1t

Still thereremaingthe problemthathierarchyregionscan
have severe non-cowex shapeand thereforecompromise
therohustnes®f the surfacecunaturecriterion. Figure(15)
shavs sucha surfacethat self-intersectsalthoughthe ape
angleof its normalconeis rathersmall. Mezgeret al.” di-

Figure 15: Self-intesectingmeshwith correlatednormals
but concaveshape

vide sucha meshinto several facegroupsand build an ad-
jaceny matrix for thegroups.The curvatureheuristicis not
appliedto non-adjacengiroupsduringthe self-collisiontest.

3.6. Proximity, Distanceand Collision Response

Wheneer two colliding hierarchyleaves have beenfound,
the distancebetweeneachpair of facesis calculated,and
candidatepairs are detectedand passedto the collision
responseThis problem has beenextensiely studiedand
canbecalculatedria the Gilbert-Johnson-Kerthyalgorithm
318, Alternatively the Lin-Canry type algorithms (68 69 73)
canbeused.

Thesimplestresponséo acollisionwould bejustto relo-
catethe colliding particles.Henceimposingvirtual springs
having almostinfinite stiffnessand discontinuities Clearly
this affectsthe numericalperformanceFor animatedscenes
an efficient collision responsemethodis crucial. In partic-
ular, numericalstability and performancen the context of
largetime stepshave to be presered andno additionalstiff-
nessshouldbeintroducednto the system.

Therefore for animplementatiorwe suggesthe use of
constraintsbasedon the efficient implementatiorpresented
by Baraf andWitkin 3.

To allow large time stepsandpresere stability collision
detectionand responseaims at avoiding collisions before
they occur Thereforenotonly colliding facesshouldbede-
tectedbut also proximities, that is facescloserthan a dis-
tanceggose In this casethecollision detectiorreturnspairs
of colliding or closefacestogetherwith the closestpoints
onthesefaces While the collision detectionprocesgeturns
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candidatdacesanadequateollisionresponséasto becal-

culatedfor eachinvolved particle.For thatpurposethecol-

lisions aresortedby the estimateddistanceof the two faces
after the next time step. This distanceis estimatedby the

currentdistanceandtherelative velocity.

Wemaynow constrairthevelocityin thenormaldirection
of the closeobjectasin 4177, If the velocity is constrained,
it hasto be presetwith appropriatevalues.The collision re-
sponsdlistinguishedetweertwo differentcases:

1. Collisionsof two deformablefaces.
2. Collisions betweena deformablefaceand a faceof the
pre-computedigid ervironment.

In both casesonly facesmoving towardseachotherare
handled.Their velocity in the constrainedlirectionis setto
asserta minimum distancednmin. This velocity is scaledby
y= vre|/dAmtin to simulatea restingcontact,wherev;g is the
relative velocity of the two facesandAt is the currenttime
step.

In thefirst caseno velocity andthereforeno momenturis
transferredetweerthetwo facesof theobject.In thesecond
caseadditionallyto the velocity usedto asserthe minimum
distance the velocity of therigid objectin the constrained
directionhasto be addedto the velocity of the deformable
object.

Onemay now constrainthe velocity of the colliding par
ticlesin the directionns of the normaldirectionof theclose
objectandpreseit to

V= oV (dnin—d) £ TI(w) (78)

whereTt is the projectiononto the orienteddirection ns, d
is the distancebetweenthe two facesandv; is the velocity
of therigid object.If inter-penetration®ccur the facesare
separatedgain,aslong astheir distanceis smallerthana
presetvalue.

Sinceonly onedirection of the particle velocity is con-
strained,the particleis still free to move accordingto the
forcesactingon it in the otherdirections.Henceit is easy
to model stiction by constrainingthe other directionsand
replacingthe projectedvelocity of the rigid object by the
entirevelocity of therigid objectin equation(78) suchthat
the cloth moveswith the rigid object. Collision constraints
mustbe releasedvhen forcesdrag the particle away from
thecollisionobject. Thesereleasdorcesareestimatedatthe
beginning of every integrationstep.

4. BTF Acquisition & Rendering
(Reinhad Klein, Ralf Sarlette Mirko Sattlep

This subsectiorof the tutorial is structuredn threeparts.
In thefirst partthetermBTF BidirectionalTexture Function
is explainedand a short overviev of the previous work is
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(b)

Figure16: Performedcollisiondetectiorfor acomplexmul-
tiple layer cloth. 28

given. The secondpart dealswith the automaticacquisition
of BTF dataandin detailthe BTF dataof clothing. Thelast
partgivesanoutlookoncompressiomndrenderinghis data
onarbitrarymeshes.

4.1. Intr oduction & BTF definition

In orderto visualizereal world objectswith high fidelity,
onehasto acquireandrenderthe physicalreflectionprop-
ertiesof anobjectsurface.Thereforeviewing andillumina-
tion directionshave to betakeninto accountwhenrendering
anobject.Furthermoreaninteractive changeof theviewing
position and the lighting conditionsshouldbe possible,to
allow the userto simulatea desiredscene Currently phys-
ical reflectionpropertiesarecapturedusinglight field tech-
niques?2 66 19,90 89 Thedravbackof mostlight field render
ing approachess thatthe measurednaterialpropertiesare
coupledwith a fixed geometrythusnot allowing to change
thegeometryor the materialwithoutremeasuringheobject.
Thesemethodautilize eithera fixedlighting ernvironmentor
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Figurel7: Apair oftrousesrendeedusingBTFdata(Pro-
poste dataset).

afixedcamergpositionandarehenceonly suitablefor static
scener ervironments.

ThetermBRDF (BidirectionalReflectionDistribution Func-
tions)wasintroducedoy Nicodemug? in 1970.In computer
graphicsmeasuredRDF datais usuallyusedto fit the pa-
rametersof differenttheoreticalmodels®2 65 or to createa
lookuptable.

By definiton,a BRDF doesnot containary geometryinfor-
mation. Thereforethesefunctionsdo not include self shad-
owing causedby the microstructuralgeometryof the sur
face,subsurécelight transport,etc, becausehe surfaceis
treatedasif it consistsof only onematerial.Hendrik et al.
45 proposeda methodto capturespatialvarying materials,
whichis againboundto the measureabject.
Polynomialtexture maps(PTM) asdescribedby Malzben-
deretal.”* areanextensionto standardexturemaps.As op-
posedo storingacolor perpixel, thesePTM’s storesecond-
order bi-quadraticpolynomial coeficients per pixel. These
polynomialsmodelthe changeghat appearto a pixel color
basecbn eitherlight sourcepositionor viewing direction.
Anothermethodto capturereflectionpropertieds theusage
of BTFs.ThetermBTF (bidirectionaltexture function) was

introducedby Danaetal. 413 in 1999.Thetermrepresents
the appearancef atexture asa function of viewing andil-
luminationdirection,hencecapturingeffects causedy the
macroscopicoughnessf asurface lik e self-shadwing, oc-
clusion,inter-reflectionsor view-dependenteflections(see
figure 18). On the other hand, by measuringflat material

Figure 18: AtexturedcubeusingCUReT#6 data. Thesam-
ple"crumpledpaper"is used.In this figure, fromtop to bot-
tom, the cubeis spinningaround his vertical axis. Theleft
cubeshowsnormaltexturing , while theright cubeusesthe
BTFdata.

samplesBTFsaregeometryindependent.

Ignoring wavelengthand fixing time, henceignoring time
dependentffects like fluorescencea BTF can be consid-
eredasa specific6D reflectancdield:

BTF = f(ei,(ﬂ,X,y,er,(p() (79)

with incident(6;, @) andreflectedflux (6r, @) at a specific
surfacepoint(x,y) 7% 14,

4.2. Acquisition of BTF data

The work of Danaet al. resultedin a 61 sampledataset
of real-world surfacespublicly available in the CUReT*6
databaseThe databasewvas createdto investigatethe vi-
sualappearancef real-world surfacesbut doesnot satisfy
all of therequirementgor high quality cloth rendering Be-
sidesthe insufficient quality of someimagesnot all neces-
saryviewing andillumination directionson the hemisphere
weretakeninto account.Basedon this work we build up a

(© TheEurographicfssociation2002.
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measuremergetupasdescribedn 4.2.1 The quality of the
measurementsn theotherhandhasto beimprovedin some
parts.

4.2.1. MeasurementSetup

Theequipmenfor theacquisitionof the BTF datais mainly
composedf alamp,acameraarobotanda personatom-
puter For therealisticreproductiorof cloth appearancehe
lamp hasto approximatedirectional sunlight. To achieve
this, we useaHMI-light sourcé, whichis widely usedin the
professionafilm- andphoto-industryin combinationwith a
Fresnel-lensAs capturingdevice we utilize aprogrammable
high resolutionCCD-camer. The positioningof the sam-
pleis doneby arobotarn®. All thesepartsarecontrolledby
apersonaktomputer

Figure 19: Picture of thelaboratory. Thebladk casingsof
therobotandlight source are remaved.

To reducetheinfluenceof scatteredight, thelab is dark-
enedand the hardware usedfor measurementss covered
with dark casingslIn the centerof a semicircle-rail-system
(170cmradius)the robot is placedon a laboratorybench.
The camerais mountedon a wagonwhich resideson the
rail-systemThelight sourceis fixed on oneendof therail-
systemasshawn in figure 19.

This computercontrolled setupallows the reproductionof
every constellatiorof theview/light-directionwith reference
to the samplesurface (10cmx 10cm). Seefigure 20 for a
sketchof themeasuremergetup.

4.2.2. MeasurementProcedure

To achieve a sufficient measuremenquality for rendering,
theequipmentasto be calibrated.

T bronimagingHMI F575
 KodakDCS760
§ Intelitek SCORBO-ER 4u
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Measurement Points

Camera O~

N
Lightsource

Figure 20: lllustration of the measuementsetup.A fixed
light source anddifferentcamen positionsare shown.

e To reducethe positioningerror causedby deviations be-
tweenthe robot and the rail-system,the sampleholder
mountedon therobotis tracked throughthe cameraDe-
pendingon the positionof the cameraon therail-system,
a correctionmovementfor therobothasto be computed.
To reducethe positioning error further, marler points,
placedon thesampleholder aredetectediuringthe post-
processingallowing a softwarejitter correction.

e A geometriccalibratior’® hasto be appliedto the cam-
erato reducegeometriadistortion,whichis causedy the
optical systemof the camera.

e For eachsampleto be measuredthe apertureof the cam-
erahasto beadjustedBecause¢heaperturestaysfixedfor
all imagesof a sample saturatecdanddark pixels have to
bereducedasmuchaspossible.

e To achieve the bestpossiblecolor reproductionthe com-
binationof thecameraandthelight sourcehasto becolor
calibrated*. Becauseof the useof products,often used
for professionakolor photographythereare somesolu-
tions on the market. For the measurementf the camera
color profile a specialCCD-Cameratandardccardshould
beused.

A setof view/light-directionshasto be chosen fitting the
reflection propertiesof the samplesurface (e.g. seetable
5). This canbe a setof nearly equidistantlydistributed di-
rections,or their distribution canbe densernin areaswith a
rapidly changingdegreeof reflection.During the measure-
mentfor every positionof the data-seanimageis takenand
storedfor post-processinglhereafteranotheimageof the
CCD-Camerastandarccardhasto be takento detectdevia-
tionsoccurredduringthe measuremergrocess.

4.2.3. Post-processing

Every capturedimageis transformedrom the cameraraw
formatto RGB-color spaceusing the cameracolor profile
andthetransformatiorprofilesdeliveredby thecameranan-
ufacturerUsingthejitter correctionderivedfrom themarler
pointson the sampleholder the pixels coveredby the sam-
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ple areextractedfrom eachimageto generatsormtectures
describedn sectior4.3.

4.3. The demonstration BTF database

Figure 21: Samplenormtextures from the demonstation
databaseThetop row shows(from left to right) IronLady,
Stone, Proposte with 6 = 0°, @ = 0° and6y = 34°, gy =
240 . The bottomrow views use, = 51°, ¢ = 28¢° and
9v=66°,(\0\/=l449.

For a startup we have createda demonstrationBTF
databasdror this, we usedatileabletexture mapswith their
correspondindneightfield. All imageswererenderedusing
the freewareraytracerPOV-Ray“8 at a resolutionof 512 by
512 pixels. Thereafter theseimageswere post-processed,
creatingnormtextures Thatis mappingtherenderedmages
ontoafrontal viewed squarefor furtheruseasatexturemap
(Figure22). Theresolutionof thenormtexturesis 128by 128
pixels.Much of theresolutionof theraw imageis lostdueto
theextractionof theregion of interest.Thereforecuttinghas
to be doneon a centerednner areaof the raw image.The
creationof normtextures allows blendingof the texturesat
atriangleasdescribedater. To have a consistensampling
densityover the hemispherave choseAB = 17° for eachof
the viewing andillumination directions.This yieldsin dif-
ferentA@shavn in Table5 anda differentnumberof images
per used® sggment. The samplinghas81 viewing and 81
illumination directionsor 656 limagesfor all combinations.
For practicalmeasurementse have only 6480images be-
cause81 positionswould be occupiedby both, the camera
andthelight source andthereforecannotbe measuredAn-
othermethodto generatea databasés the synthesisasde-
scribedin 16183570,

Figure 23 shaws the generalterminologyusedfor mea-
suring. At the vertex X we have a local coordinatesystem
with the vertex normal N and a preferentialdirection W.
Thedirectionto thelight sourcel is givenby 6, andq; to
theviewing positionV by 8y andq,.

The data in our demonstrationdatabasecan easily be

—>

Copy & Cut Remapping

Figure22: Creatingnormtexturesby remappinghecutim-
age ontoa squae.

0[°] Ao[°] No.ofimages
0 - 1

17 60 6

34 30 12

51 20 18

68 18 20

85 15 24

Table 5: Samplingdensityof viewing and illumination an-
glesof the BTF database

replacedby measuredreal-world data. The handling of
denser data sets is possible, only limited through the
amountof availablememory Thedatabasés indexedanda
lookup table containinganglesandimagenumbersis gen-
erated allowing an easydatabaseccessat runtime. Three
data sets were created: Ir onLady, Stone and Proposte
(seefigure 21). Eachdatasets convertedinto the JPEG#’
formatandneedsabout27 megabytedisk spaceor storage.

4.4. Renderingof BTF data

Thispartdescribesherenderingof aBTF datasetonagiven
geometry This involvesthe solutionof the renderingequa-
tion 52, Following the notationof 5! gives:

Lo(%, W) = Le(x, W) (80)
+/Sfr(x,x' S X, WLi (X — XV (% X )G(x, X )dA'

with:

Lo: outgoingradiance[Wm_zsr_
Le: emittedradianceWm™2sr™Y]
L;: incidentradiancgwWm™2sr™1]

fr: BRDF[sr 1]

W: outgoingdirection

X: surfacelocation

X': anothersurfacelocation

V: visibility information(canx’ beseenby x?)

g

(© TheEurographic#ssociation2002.
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\'

rmm—m e [

Figure 23: Generl geometryused.

G: geometryfactor

We assume_g(x, W) to be zero.For creatingrealisticillu-

mination conditions,image basedlighting techniques’* 44
can be applied. The usageof high-dynamicrangeimages
evenimprovesthis results?0. Usinganhemicube!! method
(figure 24) pre-computedisibility informationcalculations
andintegration over the incoming radiancecanbe doneas
shavn in 3.
By colorencodehepositionof anernvironmentmapinto the
visibility map (figure 26) and usethis asa lookup for the
currentlyusedervironmentalillumination, we areableto do
afastevaluationof theterm:

Li(X = X)V(x,X)G(x X) (81)
in (80). We approximateheintegral partof(80) asfollows:
/S fr(x X — % WLi (X — XV (% X)G(x X )dA'  (82)
~ Y fr (6 o= X W)Li(p —= XV (X, pi)G(X, pi)

=Yy fr(x p = x W)L
I

with i~astheinde< of thepixels p; of thehemicubdfigure
25) andL; as

= | Lilp =XV (X pi)G(x pi)
' 0 : ifp + geomery

Self-shadwing is handled with the second case
(pi + geomery). This could also be replaced by a
color encodedgeometrystoring illumination intensitiesto
handleinter reflections.

We interpret our BTF databaseas discreet solutions to
the integral part of (80). The reflection propertiesf; are
naturally storedin eachBTF image.We use(81) asinput
for the lookup into the databaseThe main challengeusing
this approachs the multitexturing of all BTF imagesof all
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Figure24: Thehemicubenodelat surfacepointx with nor-
maln. p; are hemipixels.Image modifiedfrom°.

environment map

. /
" geometry

Figure 25: 2D sketch of figure 24. A hemicubeat surface
point x. With hemicubepixel p; < ervironmentmap and
pl « geometry

-

Figure 26: Msibility map.Black is the meshcolor, color

ifpi < environmettmap gncodeds the positionon an environmentmap (shownon

right).

visible light directions per vertex. Which meansthat for
all pixels of the visibility map, which are not marked as
occludinggeometrythe correspondind TF imagehasto be
weightedwith the pixel color andin a secondstepall these
pictureshave to be combined.This cannot be handledby
todays graphicshardwareanda suitablere-parametrization
of theBTF datais necessary
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For this reasonuntil now the following implementation
wasdone.Theillumination of the geometryis provided by

assuminglight coming uniformly from all directionsand
additionalpointlight sources.

At runtime, for eachframe, for all vertices,all relevant
anglesare computed: 6y, @, 6, @. Using n point light

sourcesf|, @ become®,(n), @ (n).

With the abore mentionedlookup table, the texture maps
can be extracted out of the databasewhich are nearest
to the currentanglesand usedfor blending. This is done
once for every vertex. Figure 27 shaws the blending and

weightingof anarbitrarytrianglewith verticesvy, V-, V3 and

correspondingertex normalsNz, Np, N3. | is the intensity
dependentof the regarded light source. To determine,

Figure27: Blendingthreelooked up normtexturesfor usage
onatriangle. Weightingoccuss accodingto thegrey shaded
triangles.

whetherthe light sourceis visible from a specific vertex,

the world coordinatesof the light sourceare transformed
into thelocal coordinatesystemof the vertex. With asimple
lookup into the visibility mapsthe visibility of the light

sourcescan be determinedfor eachvertex. Naturally this

methodworks only, aslong asthe light sourceis not within

the convex hull of the mesh. This disadwantagecan be
overcomeby usingalsoa depthtestwith the projectedight

source.

Sincethe correctillumination is storedin the imagesfrom

the BTF databaseno further illumination calculationsare
necessaryThe weighting derived from the visibility maps
andthe threeimagesshavn in figure 27 is computedn one
step.To approximatethe term causedby the light coming
uniformly from all directionsthe correspondingtextures
with light direction® = 0 and @ = O are used.Theseare
weighted by the calculatedbrightnessderived from the

visibility mapsand blendedin a secondpasswith the first

retrievedtexturess°.

Figure 28: Two views of a pair of trouses usingthe lron-
Lady dataset.

Figure 29: Two views of a pair of trouses usingthe Stone
dataset.Thesinglepointlight souceis markedasa yellow
dot.

Using this methodgeometryinducedself-shadwing is
automaticallydeterminedduring the evaluationof the visi-
bility mapsThisis essentiain orderto visualizefoldswhich
have amayorimpactontherealisticoutlookof clothing.For
anexampleseefigures28 and 29, which shavs several dif-
ferentviews of thea pair of trouserausingthe IronLadyand
the Stonedataset.

To texture an arbitrary geometrywith a BTF dataset for
eachvertex the viewing angle(6y, @,) andfor all point light
sourcesthe light direction (6, @ ;) is computedfor each
frame. Static geometrywith 4200 verticescan be viewed
andilluminated by several point light sourcesat around20

(© TheEurographic#ssociation2002.
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framesper secondon an 1,4 GHz Athlon usinga GeForce3
graphicscard.To handledynamicmesheshementionedis-
ibility mapsmustbe updatedoo, which cannot be doneat
interactive ratesby now.

5. AdvancedLocal lllumination
(Katja Daubert,Jan Kaut?)

Traditionally hardware renderersonly supportthe Phong light-
ing modelin combinationwith Gouraudshadingusing point light
sourcesHowever, thePhongdighting modelis strictly empiricaland
physicallyimplausible Gouraudshadingalsotendsto undersample
thehighlightunlessa highly tessellategurfaceis used.

Advancedighting algorithmsallow theusageof othermorecom-
plex reflectancenodelsto simulatemorecompellingmaterialssuch
asvelvetandbrushednetal.

Todaysgraphicshardwaresupportgperpixel lighting with which
diffuseandspeculabumpmapscanberenderedtinteractve rates.
New algorithmshave beenproposedthat can even renderbump
mapswith betterreflectancenodelsandincludingshadavs.

Thesetopicswill beaddresseth this partof thetutorial.

5.1. Lighting Models

First we would like to explain whata lighting modelreally is, and
thendefineit mathematically

Whenlight hits a perfectly reflectve surface,i.e. a mirror, the
reflectedight leavesthe surfaceat the sameangleit hit the surface.
However, perfectmirrors do not exist in reality In contrast,most
surfacehave a very complex micro-structureThis micro-structure
malesdifferentmaterialsappeadifferently

Whenlight hits sucha surface,it is notreflectedowardsa single
direction, but ratherto a coneof directions.If the surfaceis com-
pletelydiffuse,light evenscattersequallyin all directions.

In computergraphicsthe bidirectional reflectancedistribution
function (BRDF or alsoreflectancanodel)is usedto describethe
way a surfacereflectslight. A reflectancemodel canbe seenasa
materialdescriptionthatmodulategheintensityof thelight thatar
rivesatthesurface For everylight incidentdirectionit tellsyou how
muchlight is beingscatteringo which exitant direction.For exam-
pletheBlinn-Phongmodelthatis usedby OpenGLcanbedescribed
as:

A. N

(@, @) = ket
fi- G
Qi+
|G + 6ol

wheredy is theincidentlight direction,dy, is the exitant light direc-
tion (i.e. viewing direction),h is the half-way vectorbetweerdy and
G, all of whicharein coordinateselative to thesurfacei.e. relative
to the local tangentframe consistingof the normalf, thetangent,
andthe bi-normalb. The parametergy, ks, andN describethe dif-
fusecoeficient, the specularccoeficient, andthe Phongexponent.

This not a completelighting model, sincethe BRDF only tells
you how light is scatteredA lighting modelincludesmuchmore:
how the light intensity decreasesvith the distancefrom the light
source(e.g.quadratically) whatkind of light sourcesaresupported
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(e.g.pointlight or parallellight), if shadas areincluded,andsoon.
We will usethe following simplelighting modelfor therestof the
chapter(whichis similar to the OpenGLlighting model):

L{Gxo) = fr(Go, &x)Li(Gx)(A- ), (84)

% for pointlights
| for parallellight

Li(dy) =

Thislighting modelusesonly a singlepoint or parallellight source
that hasthe brightnesd, andis r units avay from the illuminated
surface.L () describesheradiancdeaving atthe surfacepointin

directionG, towardstheeye; thisis thenperceved by theeye.

The standardOpenGLlighting modeldoesnot allow to change
the function fr, it always usesthe Blinn-Phongmodelintroduced
above. In thenext sectionwe will explain how this canbe changed.
FurthermorestandarddpenGLonly evaluated () atevery vertex
andusesGouraudshadingto interpolatevalueswithin thetriangle.

5.2. Renderingwith Arbitrary ReflectanceModels

In computergraphics,when we talk about materialsor material
propertieswhatwe arereally talking aboutis the reflectanceprop-
ertiesof a surfacethat definehow light arriving at the surfaceis
scatteredIn this part of the tutorial we will explain how surfaces
with almostarbitrarymaterialscanberenderedatinteractve rates.

The main idea is to approximatea given reflectancemodel
(e.g. for velvet or brushedmetal) so that it can be used with
OpenGL.A new algorithmcalled“separablalecomposition’is em-
ployed®>4.

Eachof thetwo directionsthata BRDF usescanbe modeledas
a 2D parameterhencea reflectancemodel usually dependson 4
parametersFor an accuraterepresentatiorhis 4D function could
justbe sampledput graphicshardwaredoesnot support4D texture
andalot of memorywould be neededor this representation.

Insteada separablelecompositioris used,which approximates
the4D functionwith a productof two 2D functions.

fr(G0,@) = (@) -h(Ga),
L(G)
Using texture mappingthe equationfor L(&y) caneasily be eval-
uatedon the graphicshardware. Eachof these2D functionsg(éy)
andh(éy) canbe sampledand storedin a texture map. For every
vertex of every polygonyou have to computeby, and@y anduseit
astexture coordinatesThenthe polygonhasto be texture mapped
with thetexturescontainingg(G) andh(&) andthe computedex-
ture coordinatesBlendinghasto be setto modulate sothat g()
andh(éy) are multiplied together The term L;(&)(fi- &) canbe
multiplied to the resultof g(x) - h(&x) by enablingOpenGLlIight-
ing with only a diffusecomponent.

9(Go)h(G)Li (6x)(R- 6x),

Renderingof arbitrarymaterialsusingthis approximatioris very
fast becauset boils dowvn to computingtexture coordinatesand
blendingtwo texture mapstogether

The maintrick is to reparameteriz¢he original 4D reflectance
modelin a smartway, suchthatthe approximatiorworkswell. We
refer the readerto 54, 56, or 91 for more detaileddescriptionsSee
Figure 30 for anexamplerenderedvith this techniqueat real-time
rates.
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Figure 30: Hardware accelerated>60Hz) renderingof an
anisotropiamarbleteapot.

5.3. Bump Mapping

Blinn 5 hasshavn how wrinkled surfacescanbe simulatedby only
perturbingthe normalvector without changingthe underlyingsur
faceitself. The perturbednormalis thenusedfor the lighting cal-
culationsinsteadof the original surface normal. This techniqueis
generallycalledbumpmapping.

If we have anotheillook atthelighting modelequation(seeEqua-
tion 84), we canseea dependencen the normalfi. As mentioned
in Sectionb5.1, thelighting is usuallyonly evaluatedat every vertex
andnot within atriangle,sothe normalsfrom the verticesareused
to evaluatethe Equation84.

In orderto simulatewrinkles,bumpmappingrequiresa perpixel
normal, which is usedfor the evaluationof this equation.Graph-
ics cardsnow supportcomple perpixel operationwhich allow to
performthis bump mappingtechniqueatinteractve rates®e.

Bumpmappingis fairly simpleto implementwith thesenew fea-
tures.Thesefeaturesncludeperpixel dot-productsmultiplication,
addition,subtractionsolighting modelsusingonly theseoperations
canbeusedto do bumpmapping.For every pixel we simply have to
evaluatethelighting model.

Usually the Blinn-Phong model that was introducedin Sec-
tion 5.1 is usedto do bump mapping, becausethis model only
mainly usesdot-productsLet us have a look at the lighting model
usingtheBlinn-Phongreflectancenodel:

L(Go) = kyl(A-6) + ksl (A- )N

If this is usedin conjunctionwith bump mapping thefirst term of
the sumis usually entitled diffuse bump mappingand the second
termis entitled specularbump mapping.Using the new perpixel
operationsthisformulacanbeeasilycomputechtevery pixel. First,
the normalsare encodedn a texture map. Then &y andh arecom-
putedonapervertex basis(will beinterpolatecacrosshetriangle).
Now, the graphicscardhasto be configured suchthatit computes
the equationabove. For moredetails,pleasesee®.

5.4. Bump Mapping with a Spatially Varying
ReflectanceModel

As just mentioned,bump mapping usually usessimple lighting
modelsuchastheBlinn-Phongmodel® for thelighting calculations.

While thisis anappropriateandfastmethodto do bumpmappingiit
is notvery flexible. The Blinn-Phongmodeldoesnothave mary pa-
rameterghatcanbetwealedto changeheappearancef thebumpy
surfaceandthe chosenparametergi.e. at leastthe exponent)have
to remainconstanbver a polygon.

We will introduceanew bumpmappingtechnique®® which uses
a modified versionof the Blinn-Phongmodel, which offers more
flexibility concerningthe parametersAnd what's more, thosepa-
rameteraneven changeon a perpixel level. SeeFigure31 for an
exampleof whatcanbedone.

Figure 31: Marble spherewith elevated“veins” usingthe
spatiallyvarying modifiedBlinn-Phongmodel.

The lighting model using the modified Blinn-Phongmodel can
bewritten asfollows:

L(Go) = ka (A1~ G)+

This lighting modelsusesnewn parametersThe speculampartdoes
notdepencnthenormalf arymore,but onthetangent andthebi-

normalb. Thesetwo vectorsaredivided by ax resp.ay, which have

to bein therange[0, 1]. The smallerthesevaluesare,the smaller
the highlight will be. The modelis anisotropic,which meansthat
the shapeandthe orientationof the highlight depend®on the orien-
tation of the surface.If differentax anday arechosenthe model
is anisotropic,otherwiseit is isotropic.In the anisotropiccase the
tangentandbi-normaldefinethe main orientationof the highlight.

Theimplementatiorof this new lighting modelworksvery much
like standardBlinn-Phongbumpmappingonly thatthef/ax hasto
bestoredin onetexture map,andb/ay hasto bestoredin asecond
texture map. Of coursethe graphicscard hasto be setup, thatit
performsthe necessargot-product®tc.,but this canbe doneusing
OpenGLextensionsor DirectX 8.

Other BRDFscanbe usedaswell, if they canbe implemented
with thesupportegerpixel operationslf notthananupcomingfea-
turecalleddependentexture lookup canbe usedto implementarbi-
trary functionson the graphicshardvare.Dependentexture lookup
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usesthe valuesfrom a texture mapto lookup into anothertexture
map,which nothing elsethanevaluatingan arbitrary function. We
referthereadetto °° for moredetails.

6. A Spatially Variant BRDF Model for Textiles
(Katja Daubert,Jan Kaut?)

One of the challengef modelingand renderingrealisticcloth or

clothing is that individual stitchesor knits can often be resohed

from normalviewing distancesEspeciallywith coarselywoven or

knitted fabric, the surfacecannotbe assumedo beflat, sinceocclu-
sion and self-shadwing effects becomesignificantat grazingan-
gles.Thisrulesoutsimpletexturemappingschemesswell asbump
mapping.Similarly, modelingall the geometricdetail is prohibitive

bothin termsof the memoryrequirementsandrenderingtime. On

the otherhand,it seemgossibleto composea comple fabric sur

facefrom copiesof individual weaving or knitting patternsunless
theviewer getscloseenoughto thefabricto noticethe periodicity

In this sectionwe will explain a fast and memory-eficient
methodfor modelingandrenderingfabricsthat is basedon repli-
catingweaving or knitting patterns.The methodassumesve have
oneor a smallnumberof stitch types,which arerepeatecver the
garmentUsing a geometricmodelof a singlestitch, we first com-
putethelighting (includingindirectlighting andshadevs) usingthe
methodsdescribedn 15. By samplingthe stitch regularly within a
planewe thengenerateview dependentexturewith perpixel nor
malsandmaterialproperties.

In the next sectionawe will first take alook atthe BRDF model
we useto capturethe light andview dependentiatafor a stitch or
weave. Wewill thenexplainhow to renderclothingusingthis model
andthenbriefly sketchhow to acquiredataandfit themodelto it, to

capturedifferentstitchesor weaves.More informationcanbefound
in17,

6.1. Representation

We emplo/ a spatiallyvarying BRDF representatioto capturethe
variationof the optical propertiesacrosshe material. The two spa-
tial dimensionsare point sampledinto a 2D array For eachentry
in the arraywe storedifferentparametersor a Lafortunereflection
model®?, alookuptable,aswell asthe normalandtangent.

An entry's BRDF f; (T, ) for thelight direction’ andthe viewing
directionV is givenby thefollowing equation:

f(T,9) = T(9)- §(T,9), (85)

where f(T, ¥) denoteshe Lafortunemodeland T (V) is the lookup
table. The Lafortunemodelitself consistsof a diffuse partp anda
sumof lobes:

0T = 13- (p+ S (Gl + Gyl + o124 ) (86)

Before evaluatingthe lobe we transformthe light and viewing di-

rectioninto thelocal coordinatesystemgiven by the samplepoint's

averagenormalandtangentyielding I’ and¥. For moreinforma-
tion ontheparameterseferto 17. ThelookuptableT (V) storescolor
andalphavaluesfor eachof the original viewing directions.Values
for directionsnot storedin thelookuptableareobtainedby interpo-
lation.

Thealphavaluestoredin thelookuptableis usedto evaluatethe
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transpareng It is not consideredn the multiplication with f;, but
usedduringrenderingto determindf thereis a holein the modelat
a certainpoint for a given viewing direction. The alphavaluesare
interpolatedsimilarly to the color values.

Figure 32: TheBRDFto rendertheweaveof thisdresscon-
sistsof onelobe Althoughit is possibleto renderBRDFs
with more thanonelobe more passesre requiredto do so.

6.2. Rendering

Now let's assumave have the geometryof a garmentgivene.g.as
atrianglemeshwith normals tangentsaandtexture coordinatesand
wishto renderit usingtheappearancef a stitchor weave, captured
in themodelexplainedabore. On moderngraphicscardstherender
ing canbedonein hardware,without readingbackthe framebuffer.
However, themodelis too complex to be evaluatedin a singlepass.
We have to split the computationinto several passesand combine
theresultsattheend.We storeintermediatgesultsasimagesof the
garmentjn which eachpixel on the garmentcolor-codesthe result
of this pass.At the endwe rendera viewport filling quadanduse
multi-texturing with the intermediateresultsto obtainthefinal im-
age.

First, let’s take a look at how to evaluatethe color table T (V).
The valuesstoredin the color table resemblea stackof textures,
with eachtexture correspondingdo a differentviewing directionV.
We canthink of the color tableasa 3D texture, with the viewing
directionvaryingin thethird dimensionThetextureslices however,
arecomputedor the settingin which the underlyingsurfaceis flat,
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with the normalpoint straightup. Obviously, for ageneragarment,
thisis not true. This againmeanswe have to computethe viewing

directionrelative to the garmentnormals,or, in otherwords, map
the global viewing directioninto texture spacewhich is definedby

thegarments pervertex tangentshi-normalsandnormals.

Fromthemapped/iewing directionwe thenneedo decidewhich
slicein thetexture stackto use.Thetexture slicesin thelookupta-
ble arecomputedor afixed,known, setof directions We setthethe
vertec's texture coordinatefor the third dimension(r-coordinateo
point to the slice correspondingo the direction nearesbur trans-
formedviewing direction. 1

Whathappenghough,if the normalsfor the threeverticesof a
garmenttriangle diverge strongly anddifferentslicesare selected
acrossthe triangle?Clearly this would lead to incorrectinterpo-
lationsacrosghethird texture dimension We take careof this case
usingmulti-texturing in thefollowing way. For eachvertex we spec-
ify threedifferentsetsof texture coordinatesThe first setmapsall
verticesof atriangleinto thetexturesliceneededor thefirst vertex,
thesecondsetof texture coordinatesnapsthetriangleinto theslice
correspondingdo the secondvertex and so forth. Whenrendering,
we blendthe threetexturesin sucha way, thatatextureis fadedto
zeroaswe approachthe two verticesnot correspondingdo the cur-
rentslice. This way, in atrianglewith stronglydiverging normals,
theresultingslicesareblendedhaturallyoverthetriangle. Theresult
of this passis animageof thegarmentjn which eachgarmenpixel
holdstheresultfor T (V).

Next, we have to evaluatethe lobes.The main problemhere,is
thatcurrentgraphicshardwareis not capableof computing<™ ona
perpixel basis.Thesolutionhereis to precomputeatextureholding
theresultsfor XN andusedependentexturing, asexplainedin 55.

The remainingstepssimply combinethe resultsfor T(V), the
lobesevaluationwith p and|}, which is easyto do using register
combiners.

6.3. Data Acquisition and Fitting

Now we know how to rendera garmentusinganalreadycomputed
BRDF model, let's take a look at how we canfit parameterdor

a modelrepresentingur own stitch. We will needa modelof the
stitchesmicro-geometryto do so.

Then we are readyto obtain the requireddata. As mentioned
above, the spatialvariationsof the fabric patternare storedasa 2D
arrayof BRDF models.Apart from radiancesamples (T, ) for all
combinationf viewing andlight directions,we alsoneedan aver-
agenormal,anaverageangentandanalphavaluefor eachviewing
directionfor eachof theseentries.

We usean extensionof Heidrich et al’s algorithm43 to triangle
meshes®, which allows usto computethe directandindirectillu-
minationof a trianglemeshor parametricsurface(representinghe
stitch geometry)for a given viewing andlight direction per vertex
in hardware(for detailssee!®). In orderto accountior maskingand

Tin principle,on moderngraphicscards,the mappingandsetting
of the r-coordinatecan be computedin a vertex program,which
would resultin betterrenderingrates.However, computingthe ap-
proximationof thearccosandarctanfunction,aswell asaninteger
castin avertex programis quitetricky to code.

Figure 33: Wbolen sweaterrendeed using our appoac
(knit andperl loops).

partsof therepeatedjeometrybeingvisible throughholes,we paste
togethemultiple copiesof the geometry

Figure 34: Computingthe samplinglocationsfor the radi-
ancevalues Left: top view, middle: projection,right: result-
ing samplinglocations,discading samplesat holes.

Now we needo collecttheradiancedatafor eachsamplingpoint.
We obtainthe2D samplingocationsby first defininga setof evenly
spacedsamplingpoints on the top face of the models bounding
box, ascanbe seenon theleft in Figure34. Thenwe projectthese
pointsaccordingto the currentviewing direction(seeFigure 34 in
the middle) andcollectthe radiancesampledrom the surfacevisi-
ble throughthese2D projections(seeFigure 34 right), similarly to
obtainingalight field.

As thesstitchgeometrycanhave holes,theremight be no surface
visible ata samplingpoint for a certainviewing direction.We store
this informationasa booleantransparencin the alphachannelfor
thatsample Multiple levels of transparencvaluescanbe obtained
by supersampling,i.e. consideringhe neighboringpixels.

In orderto computethe normals,we displaythe sceneoncefor
eachviewing directionwith the normalscodedascolor values.An
averagenormalis computedby addingthe normalsseparatelyfor
eachsamplingpointandaveragingthemattheend.

Oncewe have acquiredall thenecessargata,we useit to find an
optimalsetof parametersor the Lafortunemodelfor eachentryin
thearrayof BRDFs.This fitting procedurecanbe divided into two
majorstepswhich areappliedalternately At first, the parametersf
thelobesarefit. Then,in the secondstep,the entriesof the lookup
tableareupdatedNow thelobesarefit againandsoon.

(© TheEurographic#ssociation2002.
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Givenasetof all radiancesamplesandthe correspondingiew-
ing andlight directionsacquiredfor onesamplingpoint, the fitting
of the parameter®f the Lafortunemodel f; requiresa non-linear
optimizationmethod As proposedn 61, we appliedthe Levenbeg-
Marquardtalgorithm?® for this task.

After fitting the lobe parametersye needto adaptthe sampling
point's lookup table T(V). Eachentry of the tableis fit separately
This time only thoseradiancesamplesof the samplingpoint that
correspondo the viewing directionof the currententry areconsid-
ered.Theoptimalcolorfor oneentryminimizesthefollowing setof
equations:

-

- T - - T
(r(ll,v),...,r(IR,v)) =T() (ﬁ(ll,v),..., f|(IR,\'7)) (87)

Wherer(rl, ) r(TR,V) aretheradiancesamplesof the sampling
pointwith the commonviewing directionv andthedistinctlight di-
rectionsrl, . ,TR. The currently estimatedobesare evaluatedfor
every light directionyielding f| (ﬁ,v). Treatingthe color channels
separatelyEquation87 canbe rewritten by replacingthe column
vectoron its left sideby F(V), the vectoron its right sideby f(v),
yielding (V) = T(¥) - f(¥). Theleastsquaressolutionto this equa-
tion is givenby

1) = OrQ) @8)

(F@)ITw)

where(-|-) denoteghedotproduct.Thisis doneseparatelyor every

colorchannelindeasilyextendsto additionalspectracomponents.

To further improve the resultwe alternatelyrepeatthe stepsof
fitting the lobesandfitting the lookup table. Theiterationstopsas
soonasthe averagedifferenceof the previouslookuptables entries
to thenew lookuptables entriesis belov a certainthreshold.

In additionto the color, eachentryin the lookup tablealsocon-
tainsanalphavalueindicatingthe opacityof the samplepoint. This
valueis fixedfor every viewing directionandis not affectedby the
fitting processlinsteadit is determinedhroughray-castingduring
the dataacquisitionphase.

6.3.1. Mip-Map Fitting

Thesamdfitting we have donefor every singlesamplepointcanalso
be performedfor groupsof samplepoints.Let a samplepointbe a
texel in atexture.Collectingall radiancesampledor four neighbor
ing samplepoints, averagingthe normals fitting the lobesandthe
entriesof thelookuptablethenyieldsthe BRDF correspondingo a
texel onthe next highermip-maplevel.

By groupingeven more samplepoints, further mip-maplevels
canbe generatedThe overall effort perlevel staysthe samesince
the samenumberof radiancesamplesreinvolved at eachlevel.

(© TheEurographic#ssociation2002.

Figure 35: A roughlywoventablecloth.Left: Aliasing arti-
facts are clearly visible if ho mip-mappingis used.Right:
usingseveral mip-mappindayers.
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