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Abstract. Weproposeapracticablewayto includebothpolarizationandfluores-
cenceeffectsin arenderingsystemat thesametime. Previousresearchin thisdi-
rectiononly demonstratedsupportfor eitheroneof thesephenomena;usingboth
effectssimultaneouslywassofarnotpossible,mainlybecausethetechniquesfor
thetreatmentof polarizedlight werecomplicatedandrequiredrenderingsystems
writtenspecificallyfor this task.
Thekey improvementover previouswork is thatwe usea different,moreeasily
handledformalismfor thedescriptionof polarizationstate,whichalsoenablesus
to includefluorescenceeffectsin anaturalfashion.Moreover, all of ourproposals
arestraightforwardextensionsto a conventionalspectralrenderingsystem.

1 Intr oduction

For thepurposesof truly predictivephotorealisticrenderingit is essentialthatno effect
which contributesto the interactionof light with a sceneis neglected. Most aspects
of objectappearancecanbeaccountedfor by usingjust the laws of geometricoptics,
comparatively simpledescriptionsof surfacereflectivity, tristimulusrepresentationsof
colourandlight, andcannowadaysbe computedvery efficiently througha varietyof
commonrenderingalgorithms.However, severalphysicaleffects,namelyfluorescence,
diffraction,dispersionandpolarization,arestill rarely – if at all – supportedby con-
temporaryrenderingsoftware.

1.1 Polarization

Polarizationhasreceived particularly little attentionbecause– while of coursebeing
essentialfor speciallycontrivedsetupsthate.g.containpolarizingfilters– it seemingly
doesnot contributevery prominenteffectsto theappearanceof anaveragescene.This
misconceptionis in partfosteredby thefactthatthehumaneyeis normallynotcapable
of distinguishingpolarizedfrom unpolarizedlight1.

1Contraryto commonbelief trainedobserverscandistinguishpolarizedfrom unpolarizedlight with the
nakedeye. Namedafterits discoverer, theeffect is known asHaidinger’s brushandis describedby Minnaert
in hisbookaboutlight in outdoorsurroundings[7].
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Oneof the mainareaswhereit in factdoesmake a substantialdifferenceareout-
doorscenes;this is dueto theusuallyquitestrongpolarizationof skylight, asonecan
find documentedin G. P. Können’sbook[6] aboutpolarizedlight in nature.But since
suchscenesarecurrentlystill problematicalfor photorealisticrenderersfor a number
of other, moreobviousreasons(e.g.scenecomplexity andrelatedglobal illumination
issues),this hasnot beengiven a lot of attentionyet. Otherknown effectswhich de-
pendonpolarizationsupportarecertaindarkeningor discolourizationpatternsin metal
objectsandtheir reflections,andtheappearanceof facetedtransparentobjects,suchas
crystals.

1.2 Fluorescence

Someof thereasonsfor thesmallamountof work fluorescencehasreceivedarediffer-
ent from thosewhich have madepolarizationa fringe topic. Firstly, althoughit causes
very prominenteffects, thesecanalsobe faked comparatively easily throughcustom
shadersat a fractionof theeffort involvedin actuallysimulatingtherealprocess.Sec-
ondly, measurementsof fluorescentpigmentsarevery hardto obtain,virtually no pub-
licly accessibledataof this kind exists,anddesigningsuchspectraby handis tedious.
The third main reasonis sharedbetweenfluorescenceandpolarization:they oughtto
bedoneusingaspectralrenderingsystem,whichstill rankascomparatively exotic and
expensiveto use.

2 Previous Work

2.1 Raytracing with Polarization Parameters

Physicshaslongachievedaverythoroughunderstandingof light polarization;aclassic
introductionis e.g. to be found in the book of Born andWolf [1]. In the computer
graphicsliteraturetherearetwo publicationsaboutit; oneby Wolff andKurlander[16],
who demonstratedpolarization–awareimagesynthesisfor the first time, andoneby
Tannenbaumet al. [14], who concentratedon therenderingof anisotropiccrystalsand
extendedthetechniquesusedby Wolff et al.

The maingoalof theseefforts wasthatof finding an appropriateway to describe,
and perform calculationswith, polarizedlight; both groupsof authorssettledfor a
notationsuggestedby standardreferencetexts from physicsliterature.

CoherencyMatrices. The formalismto describepolarizedlight usedby bothWolff
andTannenbaumis thatof coherencymatrices(CM for short); this techniquewasin-
troducedby Born andWolf [1]. As derived in detail by Tannenbaumet al. [14], the
coherency stateof a monochromaticwavecanbeexpressedin a matrixJ of theform

J � �
Jxx Jxy
Jyx Jyy� � ���

ExE �x � �
ExE �y ��

EyE �x � �
EyE �y � �

whereEx andEy arethe E–field vectorsfor the X andY directions,respectively, and
E �x denotesthe complex conjugateof Ex. The main diagonalelements– Jxx andJyy
– arerealvalued,andthetraceT � J � � Jxx 	 Jyy of thematrix representsthetotal light
radiationof thewave,while thecomplex conjugatesJxy andJyx representthecorrelation
of theX andY componentsof E. For fully polarizedlight, thesecomponentsarefully
correlatedand 
 J 
 vanishes.



CoherencyMatrix Modifiers. Besidesbeingableto describea ray of light, it is also
necessaryto processthe interactionof light with a mediumor surface. Suchfiltering
operations(or filters for short)on polarizedlight describedby a coherency matrix can
beperformedbyusingcoherencymatrixmodifiers, orCMM. Tannenbaumetal.brought
this approach,which wasoriginally introducedby Parrentet al. [8], to the computer
graphicsworld for usein their renderingsystem.

CMMs havetheform of acomplex–valued2 � 2matrix. If all participatingelements
havethesamereferencecoordinatesystem,sucha matrixMp canbeappliedto a given
coherencematrixJ in thesequenceof Jp

�
�
pJ � †

p , where� †
p signifiestheconjugate

transposeof � p. If themodifierandthecoherency matrixarenotin thesamecoordinate
system,anappropriatetransformation– asdiscussedin section2.3of thefull versionof
Tannenbaumet al. [14] (to befoundon theproceedingsCD–ROM) – hasto beapplied
first.

2.2 ReflectionModelswhich take Polarization into Account

Apart from the modifiedCook–Torrancemodelusedby Wolff et al., only oneother
surfacemodelproposedso far, namelythat of He et al. [5], attemptsto considerpo-
larizationeffects. As couldbe inferredfrom theresultssectionof this paper, thehigh
complexity of their surfacemodelapparentlyled theauthorsto only implementa sim-
pler, non–polarizingversionin practice,andto containthemselveswith just providing
thetheoreticalderivationof thepolarization–awaremodelin thetext.

2.3 Renderingof FluorescenceEffects

Sofar Glassnerhasapparentlybeentheonly graphicsresearcherwho investigatedthe
renderingof fluorescencephenomena[3]. The main focusof his work wascentered
aroundthe properformulationof the renderingequationin the presenceof phospho-
rescenceandfluorescence,andheprovidedstriking resultsgeneratedwith a modified
versionof the public domainraytracerrayshade. Sadly, this work wasnot followed
up, nor wasthemodifiedversionof rayshademadepublic. Also, we arenot awareof
any work thataimsat consideringtheinclusionof fluorescenceeffectsin sophisticated
reflectancemodels.

3 A Combined Renderer

We first introduceanalternativenotationthatcanbeusedfor polarizationsupport,and
thenshow how this formalismcaneasilybecombinedwith fluorescencesupport.

3.1 Alter nativePolarization Support

A descriptionfor polarizedradiationwhich dueto its simplermathematicalcharacter-
isticsisis bettersuitedfor usein raytracing–basedrenderingsystemsis thatof Stokes
parameters. Thisdescription,whileequivalenttocoherency matrices,hastheadvantage
of usingonly real–valuedtermsto describeall polarizationstatesof optical radiation,
andhasan– alsononcomplex – correspondingdescriptionof ray weightsin the form
of Müller matrices[11].

It hasto bekeptin mind that– similar to coherency matrices– bothStokesparam-
etersandMüller matricesaremeaningfulonly whenconsideredwithin their own local
referenceframe;themaineffect of this is that in a renderingsystemnot only light, but



alsofilters areorientedandhave to storeanappropriatereferencein someway. How-
ever, for thesakebrevity this spatialdependency is omittedin our following discussion
exceptin thesectionaboutmatrix realignment.

StokesParameters. Apart from coherency matrices,thepolarizationstateof anelec-
tromagneticwave of a given frequency can also be describedin several other ways.
Threereal–valuedparametersare requiredto describea generalpolarizationellipse,
but theStokesvectornotationdefinedby

En � 0 � κ � V2
x 	 V2

y � �W � m� 2 �
En � 1 � κ � V2

x � V2
y �

En � 2 � κ � 2V2
x � V2

y � cosγ �
En � 3 � κ � 2V2

x � V2
y � sinγ � (1)

(in thenotationusedby Shumaker [11]) hasprovenitself in theopticalmeasurements
community, andhasthekey advantagethat thefirst componentof this 4–vectoris the
unpolarizedintensityof the light wave in question(i.e. the samequantitythat a non-
polarizing rendereruses). Components2 and3 describethe preferenceof the wave
towardslinear polarizationat zeroand45 degrees,respectively, while the fourth en-
codespreferencefor right–circularpolarization.While thefirst componentis obviously
alwayspositive, thevaluesfor thethreelatterparametersareboundedby � � En � 0 � En � 0 � ;
e.g.for anintensityEn � 0 � 2, a valueof En � 3 � � 2 would indicatelight which is totally
left circularlypolarized.

The – at leastin comparisonto coherency matrices– muchmorecomprehensible
relationshipbetweenthe elementsof a Stokes vector and the stateof the wavetrain
it describesis, amongstother things,very beneficialduring the debuggingstageof a
polarizingrenderer, sinceit is mucheasierto constructverifiabletestcases.

Müller Matrices. Müller matrices(MM for short)arethe datastructureusedto de-
scribeafiltering operationby materialsthatarecapableof alteringthepolarizationstate
of incidentlight representedby a Stokesvector. Thegeneralmodifier for a 4–vectoris
a4 � 4–matrix,andthestructureof theStokesvectorsimpliesthattheelementsof such
a matrix correspondto certainphysicalfilter properties.As with Stokesvectors,the
bettercomprehensibiltyof thesereal–valueddatastructuresis of considerablebenefit
duringfilter specificationandtesting.

Thedegeneratecaseof MM is thatof a nonpolarizingfilter; this couldequallywell
bedescribedby asimplereflectionspectrum.For suchafilter thecorrespondingMM is
theidentitymatrix. A morepracticalexampleis theMM of anideallinearpolarizerTl in,
wherethe polarizationaxis is tilted by an angleof φ againstthe referencecoordinate
systemof theopticalpathunderconsideration,andwhich hastheform of

Tl in � φ � � 1
2

���
1 cos2φ sin2φ 0

cos2φ cos22φ sin2φ � cos2φ 0
sin2φ sin2φ � cos2φ sin22φ 0

0 0 0 0

������
For thepurposesof physicallycorrectrenderingit is importantto know theMM which
is causedby evaluationof the Fresnelterms; for this we usethe notationfrom [16].



For agivenwavelengthandintersectiongeometry(i.e. specifiedindex of refractionand
angleof incidence),theresultingtermsF� , F� , δ � andδ � have to beusedas

TFresnel
� ���

A B 0 0
B A 0 0
0 0 C � S
0 0 S C

���� �
whereA � � F� 	 F� �! 2, B � � F� � F� �! 2, C � cos� δ � � δ � � andS � sin� δ � � δ � � ;
δ � � δ � is thetotal retardancetheincidentwavetrainis subjectedto.

Filter Rotation. In order to correctly concatenatea filter chain, as effectively first
describedby Hall et al. in [4] (which basicallyamountsto matrix multiplicationsof
the MMs in the chain),we have to be ableto re–aligna MM to a new referencesys-
tem,which amountsto rotatingit alongthedirectionof propagationto matchtheother
operands.

Contraryto first intuition,directionalrealignmentoperationsarenotnecessaryalong
thepathof aconcatenatedfilter chain;theretardancecomponentof asurfaceinteraction
is responsiblefor thealterationsthatresultfrom changesin wavetraindirection.

Sincein the caseof polarizedlight a rotationby an angleof φ canonly affect the
secondandthird componentsof a Stokesvector(i.e. thosecomponentsthat describe
the linear componentof the polarizationstate),the appropriaterotationmatrix M � φ �
hastheform of

M � φ � � ���
1 0 0 0
0 cos2φ sin2φ 0
0 � sin2φ cos2φ 0
0 0 0 1

� ��"� (2)

Matricesof thesameform arealsousedto rotateMüller matrices.In orderto obtainthe
rotatedversionof a MM T � 0� , M � φ � hasto be appliedin a way similar to thatshown
for CMMs, namelyT � φ � � M � � φ �#� T � 0�#� M � φ � .

Apart from beinguseful to re–aligna filter throughrotation, the matrix M given
in equation(2) is alsothe MM of an ideal circular retarder. Linearly polarizedlight
enteringa materialof this typewill emergewith its planeof polarizationrotatedby an
angleof φ; certainmaterials,suchascrystalquartzor dextrose,exhibit this property,
which is alsoreferredto asopticalactivity.

3.2 Renderingof FluorescenceEffects

Sincefluorescenceis amaterialproperty, its descriptiononly affectsthefilter datastruc-
ture. Specifically, for a systemwhich usesn samplesto representspectra,filter values
of fluorescentsubstanceshaveto beare–radiationmatrix (RRM) of n � n elements.

The fact that fluorescenceonly ever causeslight to be re–radiatedat lower wave-
lengthsthanthoseat which it is absorbedallows us to only considerthe lower half of
this matrix. In practice,we usethe samereflectionspectraas for normal materials,
only augmentedwith a datastructurethatholdstheareabelow themaindiagonal.All
filtering operationswereadaptedto handlethepresenceof this crosstalkcomponentas
a sticky property;even if only onefilter in a concatenationchainhasan off–diagonal
component,theoverall resulthasto bealsofluorescent.



3.3 Combining Fluorescenceand Polarization

Similar to the previous section,this is a problemwhich only concernsthe filtering
operations.Specifically, the questionis in which way nonpolarizingn � n (or n plus
sub–diagonalcrosstalkof � n �$� n � 1�%�& 2) re–radiationmatrix filters andn �'� 4 � 4�
reflectancespectrawith Müller matricesassamplescanbeproperlymixed.

Practical Considerations. Fortunately, thesolutionis straightforward.Thekey obser-
vationhereis thatlight which is re–emittedby fluorescentmoleculescanbeconsidered
to be unpolarizedfor our purposes,sincethis kind of light interactionwith pigments
usuallyhasno directionalcharacter. This meansthat, while the full combinationof
thetwo propertieswould requiretheratherunwieldyconstructof a datastructurewith
n � n � 4 � 4 entries(a MM for eachRRM entry), we canget by with usinga much
smallerentity.

Ourcombinedfilter datastructureusesthesamenonpolarizingcrosstalkcomponent
astheplainfluorescence–awarefilter describedin theprevioussection,andjustreplaces
themaindiagonalreflectionspectrumwith its polarizingcounterpart.

The only areawherethis changecausesa considerableincreasein thecomplexity
of a renderingsystemarethefilter manipulationmethods,which now have to account
for four possiblestatesof eachoperand(fluorescentyes/no,polarizingyes/no)in each
procedure.

4 Results

We implementedtheproposeddualpolarizationandfluorescencesupportin thepublic
domainrenderingsoftwareunderdevelopmentatourinstitute,theAdvancedRendering
Toolkit (ART for short).

Filters and Light. Thefirst taskwasto introducethedistinctionbetweenfilters and
light – asdescribedin theprevioussections– throughouttheraytracingcodeof ART;
thepreviouslyusedpolymorphouscolourdatatypehadto beappropriatelyreplacedby
filter andlight structures.As anunasked–forfringebenefitof thisquitesubstantialtask
it transpiredthat theentirerenderingcodebecamemuchclearersemanticallythrough
theintroductionof thisdistinction;thismightserveasanencouragementfor otherswho
facethesametask.

Fluorescence. Thefilters werethenextendedsothatthey alsobecamecapableof en-
codingfluorescenceinformationasdescribedin section3.2.Themainwork duringthis
stepwasthealterationof thefilter manipulationroutinesanddevelopmentof special-
izedstorageclassesfor fluorescentreflectiondata.

Polarization. In orderto beableto make meaningfulperformancecomparisons,and
alsoto keepthe option of usinga fasterrendererwithout polarizationcapabilitiesfor
the majority of userswho do not needthe feature,polarizationsupportwas imple-
mentedasa compile–timeoptionin ART. For thenon–polarizeablerenderertheproce-
duresfor polarizationsupportexpandto NOPs,sono overheadis incurred,andfor the
polarization–awarerendererthey areexpandedasinline funtions.

Apartfrom additionallargechangesto thelight andfilter manipulationcode– which
hadalreadybeenfleshedout andpushedinto onemoduleduring the first step– the



major changesin this stageinvolved the introductionof the capability to storeand
manipulatetheorientationof light andfilter datastructuresduringrenderingprocesses.
Threesampleimagesobtainedwith this hybrid rendererareshown in figure 1 in the
colourplatesection.

Optimization. Theonly computationaloptimizationwith respectto polarizationthat
hasbeenimplementedin ART so far is that eachinstanceof the light andfilter data
structuresis taggedasto whetherit actuallydescribespolarizedlight or a polarizing
filter. This makesit possibleto usefasterroutinesif bothoperandsin a calculationin-
volving lightsand/orfiltersarenotpolarized(specifically, multiplicationof thesamples
insteadof matrix operations).If oneof theoperandsis polarizedor polarizing,thenso
is theresultof thecomputation:polarizationis a sticky propertyof light andfilters.

Thissimpleoptimizationleadsto apolarization–awarerendererwhichis onaverage
only 10 � 30 percentslower thanits plain counterpartfor sceneswhich do not contain
any polarizingsurfaces,lightsourcesor materials.Sincepracticallyall scenescontainat
leastacertainpercentageof objectsandlightsourcesthatdonotexhibit any polarizedor
polarizingproperty, thisshortcutactuallyimprovestheperformanceof thepolarization–
awarerendererfor all but extremescenes.

For sceneswith large amountsof polarizingobjects– like e.g.the examplescene
shown in figure1 – theslowdown of thepolarizeableversioncomparedtheplain ren-
dereris naturallyhigheranddependsstronglyon the scene.The examplein figure 1
exhibitsa fairly typical slowdown of around500percent(30vs.150secondsrendering
time); in somerarecaseswehaveobservedevenlargerperformancedrops.Thisdrastic
increasein renderingtimeis thepriceonehasto payfor increasedphysicalaccuracy, al-
thoughwe estimatethatsomeadditionalperformancecouldbegainedfrom aggressive
globaloptimizationof thenumericcodein our renderingsystem.

5 Conclusion

We presenteda practicalway to implementcombinedpolarizationand fluorescence
supportin thecontext of a modernrenderingsystem.Thekey improvementsoverpre-
viousapproachesare

• Theuseof Stokesvectorsto describebothunpolarizedanpolarizedlight with a
single,intuitive formalism.

• The useof Müller matricesto describethe polarizing effect of materialsand
surfacesin anunderstandableway thatis complementaryto Stokesvectors.

• Thecombinationof theseformalismswith fluorescenceinformationinto asingle
renderingsystem.

Our futureresearchwill concernitself with theefficiency of spectralrenderingin gen-
eral, andin particularthe choiceof the mostsuitablespectralrepresentationfor pho-
torealisticrendering;this is a questionfor which a goodanswerthat is generallyvalid
hasyet to begiven. In thecourseof theseinvestigationswe plan to alsoinvestigateif
bothpolarizationandfluorescencecanberepresentedevenmoreefficiently, andinvesti-
gatewhetherandhow theusuallylargesimilarity in polarizationstateamongstsamples
in a given light spectrumcanbe safelyexploited to reducestorageandcomputation
requirements.
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Fig. 1. Example renderingsof polarization effectscombinedwith fluorescentobjects. The
left andright columnsshow similar setupsundertwo different illuminations- at the left D65,
andat the right UV blacklight. The sceneshows several metal spheres(gold, copper, silver)
anda nonfluorescentobject(thebiplanemodel)which float over a diffusefloor with fluorescent
properties,andwhicharereflectedin a largeblock of a dielectricmaterial(glass).Thereflection
is viewed well below Brewster’s angle in order to increaseits intensity; becauseof this, the
polarizingfilters which areplacedin front of the camerain the two lower images(horizontal
polarizer in the middle, vertical at the bottom) do not affect the entire reflectedenergy. For
comparisonpurposes,the topmosttwo imageshave a 50 percentneutralgrey filter insteadof a
polarizerplacedin front of thecamera.Theseimagescanalsobeviewedin higherresolutionat
http://www.artoolkit.org/Gallery/Fluorescence/.


