Chapter 4:
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The following figure shows the particle trace.
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4.1 Constant Force and Single Particle

A single particleis modeled as an object with position and velocity.
ri o R
t-r(t)
vil R
t - v(t)
A constant forcef interacts with the particle.
f=mg
Here, m isthe mass of the particle and g an acceleration of the par-
ticle induced by the force.
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Using the average velocity
_r_1
V== 5gt+v0

we can anadyzethisalsoina

v-t diagram, called hodogr aph. 1
20t
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We are looking for the particle trace.

x:l - R3
x(0) = X,
%(0) = v(0) = v,
%) = (D) =g

Integration gives the well-known result:
X(t) =v(t) =gt+y,

r(t) = x(t) -xg = :—zlgtz+vot

We want to compute now the range of atarget in direction f that
has been hit by our particle starting with velocity v,,.We have

1
=39+ v
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E(gDr)t+v0EIr

1
é(gDr)t = v Or =r0y,

r0vg
gOr
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This isindependent from the absolute value of r. If the unit direc-

tion of our target is 7, the time needed to hit the target is

_ 2rDvO _ FOv, _ 2‘19
gOr gor Il

P 07,
507

The range can now be computed by

1759V
gOr = gtOv,
I = ‘gDvot _[2(g0vy) (1 Dvy)| _ 2(90vg) * (% 0F)
SO7F — 2
gor (g0f) 2 lg O]

With more calculations, we get aformulafor the maximal range.

_lvd 2
max " gl 1-gef

Thisisaparaboloid of
revolution.
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The term in the numerator
l612(§0vy) * (vo0F)
can be used to maximize the range for afixed direction f and a
fixed absolute velocity vé. The general identity
2(alb) ¢ (bOc) = bz(a- c) —ae (bch)
gives

2(§0vy) » (voO) = v * (@ F=§° (%))
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4.2 Constant Force with Linear Drag
A linear resistance in the direction of the velocity of aparticleis
also called linear drag. The force on the particle is now
F = mg—myv, y>0.
The velocity is given by
VEg-W =  VHW=g.
This can be solved by using
(v = Shve' = g
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For avariation of ¥, , we have to maximize —g  (¥,7¥,) . Since
the brackets contain aunit vector like §, we have to solve
=g (Vf0) =1

-§ = 9,09, - g/\

g, = 97 v
This means that the angle
between g and v, equalsthe

angle between v, and r.
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For aparticle with starting velocity v, this gives
t Wt
v(t) A vy = Igeysds = ge -1
0 Y
0 _ v
-€ -
v(t) = ggl——y—g+voevl.
For the displacement r = x—Xx,, we integrate to get
-yt -yt
e’ +yt—1 l1-e
r = g—a— +Vy;——
g yz 0 y
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We are now interested in the time a particle needs to hit thelinein

direction f = .

Irl

Further approximation gives
1 1
t:T%l—iy DD+ éyT2

0 L
t~TDl—évTE
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We use the formulafor the particle trace to obtain the time of flight.

O O ) = o
r= o2 ety ti-e "8 [y o

yszr =ftO0g(eM+yt—1) +yrOvy(1-e)
0=rFOg(eM+yt—1) vy FOvy(1-eM) |:(f0g)

fOv, .
0= (e¥ry- +yegioi-e"H
—D_l' D_—vﬂ] _ fOv,
vt = BL-3vit-e'h, T=200

15

The intersection can now be computed by taking the outer product
of the displacement equation with §.

0 O O O .
r=gy2re " evt-1n+vgyiol-e g g0
g0r = gOgy2(eV+yt—1) +§Oveyt(1-eM)

W = §0vom —ev
gordy
With
l-ev 1., ;0,1 L 10 2
o=t —TD1—6yTH—2yT —Tml—3yTS
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T is the time needed in the case without drag. For t <y, we have
1 1 1 1 1
yt=f+ QVTE%" -5y gvat% I E@szgl + §VT%

1.1 _2 1
2L =yt g

1
s — +‘Vt2 |t2=T2
1 1 3
yHl+ QVTE VE1+ QVTE
t= T +lVT2
1+§vT
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we have

~QDVO o, 2
= 3o T3V

Using the range without drag

_ 60v,
R= ngT'
we find finally the range as
~RO1_2,70 - gy _ 4 OV
Irl=RgL 3\/TH = RO -3 gm0
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4.3 Constant Magnetic Field

Theusual description for theinteraction between acharged particle
with charge g and massmis
mv = xB.
c
" _0.ag
With D—mcDB' we have

V=wXV.
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Since we have a constant magnetic field and Q = const., we set
1
ot
R(t) = e?
and find
1
->at
RI() =e 2,

R(0) = R(0) = 1,
R'R = RR' = 1.
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Because of
WXV = - (WwOV) =—(iw) *v=veQ, Q=iw
we get
V=veQ.
Rearranging terms, this means
1

. 1. _
v+§Qv—§vQ =0.
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For the velocity, we have

d
— (RVR"
dt( VvRT) 0
RVRT—v, = 0
_ _ -050t 050t
v =RIyR=e vee .

Separating v into parallel and orthogonal parts with respect to the
magnetic field shows

v = v"+vD QvH = V“Q Qv = —v,Q
RTVOH = V0||RT Rivoy = VR
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We are looking now for an integrating factor R with

> = ri ot = _Llogt
R = RZQ R = ZQR
Thiswould allow
4 (rvrh = Ryrt+ RYVRT 4 RyIRT =
dt(RvR) = dtVR +RdtR +Rvdt =

REQVR! + RIRT + RYJ ORI =

REpOv+ V- SvolR! = 0
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Thisresultsin
V= VopREH Vg = Vet vy
This shows that the parallel
velocity is constant and that the
orthogonal velocity rotates Vo
through an angle Qt intime, so ‘ 1
V sweeps out a portion of acone. "
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For the trajectory, we get
X=Xq = VOHQ*%&QI— 15 +Vgt
With
r= X=Xyt Vpe Q71 = x—xy+vyxw?
we have

r=(vpe Qe +Hgt = (Yo% ) e+ (vye ) wt .
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Setting
a=yvyxw b=vyew
6] = lodt 6 =1[6/o
one gets the standard helix
r(8) = ae'®+bo
with
a*06=0
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