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Abstract
We present a fluid solver for the real-time interactive simulation of inviscid, ideal fluid flow. The simulation is
based on the evolution of discrete vortex filaments, which allow a dramatic increase of detail and performance
compared to traditional methods used in Computer Graphics. As a fully lagrangian method the simulation is not
restricted to a fixed domain and does not suffer from numerical dissipation. Vortex filaments arise naturally in
real flows and thus provide an excellent building block for modelling realistic smoke. We present a GPU-based
implementation which allows the interactive experimentation with 3D fluid flow on desktop computers and also in
distributed immersive virtual environments.

Categories and Subject Descriptors (according to ACM CCS): Computer Graphics [I.3.7]: Three-Dimensional
Graphics and Realism—Animation; Computer Graphics [I.3.5]: Computational Geometry and Object Modeling—
Physically based modeling

1. Introduction

Real-time simulation of 3D smoke is an important ingredi-
ent for virtual environments in general and computer games
in particular. Nevertheless computational challanges have so
far prevented the widespread implementation of such simu-
lations. While it is possible to achieve realistic and highly
resolved 3D smoke animations in extensive offline simula-
tions, real-time applications are still missing the desireable
detail and realism.

We describe a 3D method that is highly efficient while al-
lowing a tremendous amount of detail. The method is based
on the simulation of the evolution of vortex filaments. Vor-
ticity originates as 2–dimensional vortex sheets that tend to
roll up into complicated 1–dimensional structures. The re-
sulting visual complexity easily exceeds the level of detail
that can be achieved with real-time grid based methods, as
in Figure 1. The use of vortex filaments provides an effi-
cient method to capture the complexity of smoke with very
sparse data. The whole fluid velocity field is defined by the
vortex filaments and can be used to advect arbitrary marker
particles. Besides the application for real-time simulation,
the method provides a significant improvement for the work-
flow of effects artists designing smoke animations. It allows
to obtain an immediate preview of the fluid motion. The final

Figure 1: Comparison of a photograph (left, from [Jef]) with
our simulation (right). The 3962 particles are rendered as
unshaded transparent GL points.

animation can then be rendered with an arbitrary number of
particles – without affecting the fluid motion at all.

2. Related work and contribution

Real-time 3D smoke simulations have so far been restricted
to low resolution grid-based Eulerian methods (mostly based
on Stam’s Stable Fluids [Sta99] with vorticity confine-
ment [FSJ01]) or to algorithms based on 2D reductions
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[KW05]. Recent progress with GPU techniques allows rela-
tively large 3D grids [LLW04, CLT07, Yan09a, Yan09b] for
such methods. Model reduction [TLP06] can significantly
speed up such simulations, but it requires extensive precom-
putations as well as giant storage, which limits its practical
applicability to very small grids. Also hybrid methods based
on [SRF05] were applied to real-time applications, for in-
stance in [EVG07].

Smoothed Particle Hydrodynamics methods [SF95,DG96,
MCG03, BT07] can be used at interactive rates with
a respectable number of particles thanks to GPU tech-
niques [ZSP07, YWH∗09]. These methods are used with
great success for the simulation of water and other liquids.
They are however not well-suited for inviscid fluids such as
smoke.

The use of vortex filaments as basic primitives for mod-
elling 3D smoke was pioneered by Angelidis and Neyret
[AN05, ANSN06]. They however simulated the motion of
smoke using a kernel function that differs significantly from
the physical system, resulting in an incorrect asymptotic
falloff of the velocity field.

Our method is based on the direct discretization of the
actual physics. The fluid motion is described by a Hamiltio-
nian system, which guarantees the conservation of both en-
ergy and momentum. We are able to explicitly integrate the
correct kernel function for the discretized vortex filaments.
This yields not only an important increase of physical real-
ism but at the same time in fact a reduction of the computa-
tional costs. Our second contribution is the following: When
discretizing the vortex filaments as polygons, their velocity
will be significantly underestimated when calculated by the
integral kernel alone: Both adjacent edges do not contribute
at all to the velocity of a vertex. This effectively results in
modelling vortex filaments that have a thickness equal to
the edge lengths. This means that excessively many edges
would be required to model thin (and therefore fast) fila-
ments. We compensate this discretization artefact by incor-
porating a discrete evolution equation for polygons (devel-
oped in [PSW07]), that excellently captures the locally in-
duced speed. Also this local contribution to the evolution
conserves energy and momentum and can be computed effi-
ciently. We are therefore able to model thin vortex filaments
using only a small number of edges.

We will describe an interactive, GPU accelerated imple-
mentation for use in distributed, immersive virtual environ-
ments and on desktop computers.

3. Physics of vortex filaments

Irrotational regions will usually be rare given an arbitrary
divergence free velocity field. The fluids that we are going
to simulate (represented by a small number of vortex fila-
ments) are mostly irrotational, except for thin tubular regions
around the filaments. Therefore some explanation is required

Figure 2: Sketch of the rollup of a vortex sheet to vortex
filaments, from [RPN00].

why it is nevertheless a good idea to model realistic fluids in
this way: First, in inviscid fluid, there is no way to increase
the volume that contains vorticity. Second, 2–dimensional
vortex sheets tend to roll up into 1–dimensional core struc-
tures [RPN00] (see Figure 2). This implies that vortex fila-
ments will actually stay filaments, since any flattening of the
core structure will result in a rollup. Most important, vortic-
ity usually originates as vortex sheets, for instance at bound-
ary layers or around jets. Thus we can excellently model re-
alistic fluids, using a small number of vortex filaments.

Besides the physical motivation, vortex filaments are a
very convenient model: They move along with the motion
of the fluid, they do not split, join or vanish. They do not
change their strength, so only the geometry of the filaments
needs to be tracked. From an artist’s point of view, filaments
give an intuitive primitive to model fluid motion. Another
very important property of vortex filaments is that they en-
sure that the vorticity field is always divergence free. In con-
trast, vortex particle methods [PK05] only guarantee a di-
vergence free velocity field – the vorticity field will not stay
divergence-free when the vortex structures break up.

3.1. Mathematical description

The motion of an inviscid, ideal fluid is described by a time-
dependent divergence free velocity field u, obeying Euler’s
equation. The vorticity field ω = curlu is again a divergence
free vector field, and we assume that it is compactly sup-
ported. The vorticity field lines are either closed or end on
boundaries, which is not a strict mathematical consequence
but based on the observation how vorticity is created in real
fluid flow. Euler’s equation in vorticity form

ω̇ = curl(ω×u) (1)

states that the vorticity field is forward advected by the ve-
locity field just as the fluid material. The right hand side of
Equation (1) is the Lie bracket [ω,u] of divergence free vec-
torfields in R

3.

From the vorticity field ω we can reconstruct the velocity
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field u using the formula

u(x) = − 1
4π

Z
R3

x− z
‖x− z‖3 ×ω(z)dz. (2)

This is an integral over the whole of R
3, but with the restric-

tion to vorticity fields that are supported on tubular neigh-
bourhoods of closed space curves γk, Equation (2) reduces
to a sum of line integrals – the Biot-Savart law:

u(x) =∑
k

−Γk

4π

I
x− γk(s)

‖x− γk(s)‖3 × γ′k(s)ds, (3)

Here, Γk is the strength of the filament, it is the flux of vortic-
ity across any cross section of the filament core. The strength
is constant along the filament and also constant in time, by
Helmholtz’s theorems and also as a direct consequence of
Equation (1).

For the following discussion we will regard one single
vortex filament γ, the results can be transfered to a set of fil-
aments by superposition (i.e. summation) of the individual
vector fields.

The dynamical system we want to simulate is

γ̇(s) = u(γ(s)) (4)

where u is given by Equation (3). The problem is that the
velocity field u diverges logarithmically for points on the γ.
Assuming a small but finite tube radius of the vortex filament
γ reveals that the filament moves according to the smoke ring
flow

γ̇(s) = Kγ′(s)× γ′′(s), (5)

where the constant K is proportional to the strength Γ of γ.
The smoke ring equation (5) is obtained by a renormaliza-
tion from Equation (4), thus it conserves both energy and
momentum of the original system. It was discovered at the
beginning of the 20th century by Da Rios [SDR06], its in-
tegrability was found by Hasimoto [Has72]. A historical re-
view is given in [Ric91].

The correct speed of a smooth vortex filament with small
thickness a is obtained by applying a cut off to the right-
hand-side of Equation (4): A small portion around the eval-
uation point is excluded from the integration domain. This is
known [Saf92] to be equivalent to replacing the singular Bio-
Savart kernel by the Rosenhead-Moore kernel, which gives
the velocity field

u(x) = − Γi

4π

I
x− γ(s)√

a2 +‖x− γ(s)‖23 × γ′(s)ds, (6)

where a (the thickness parameter) depends on the core radius
of the filament. Another way to obtain Equation (6) is to
apply a fixed convolution kernel to the singular vorticity field
which is concentrated along the filament (see [PSW07]). For
a > 0 this velocity field has no singularities at all, which
makes its evaluation unproblematic.

The singular Biot-Savart formula (3) causes two problems

Figure 3: Flow around a sphere using image vorticity.

Figure 4: Desinging irrotational background velocity fields
using static vortex filaments. The particles were injected
from a circular curve at the left and advected by the induced
velocity field from the static filaments.

to the numerics: The singular behavior at the filaments and
the fact that it is hard to integrate analytically – already for
circular filaments it results in elliptic functions. Angelidis
and Neyret [AN05] have addressed these issues by a modifi-
cation of the kernel function. To ease analytical integration,
they have changed the exponent in the denominator from 3
to 4. The resulting equation of motion is no longer related
to the physical system, for instance the asymptotic falloff is
different and the system does not scale correctly.

3.2. Boundary conditions and background flow

We will not deal with boundary conditions here. Slippy
boundaries can be modelled using image vorticity [Saf92],
for instance an infinite ground plane (as in [AN05]) is ob-
tained by mirroring all filaments at the plane. A sphere
can be modelled by inversion of the vortex filaments at the
sphere (see Figure 3). The resulting velocity field will be
tangent to the surface, but in contrast to real boundaries, no
vorticity is created. We will not go into details about these
special cases for dealing with boundaries. We will describe
the incorporation of arbitrary obstacles in future work.

As a background flow, any irrotational field can be added
to the velocity field given by Equation (6). In this way sim-
ple effects of wind or temparature lift can be simulated. It is
however not possible to combine this with the image vortic-
ity construction described above, except for the case that the
background flow is already tangent to the boundaries. On the
other hand it is difficult to design an irrotational background
field with certain features. Therefore we suggest the use of
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static vortex filaments, that contribute to the velocity field
but do not get advected by the flow: Such filaments generate
a velocity field that is irrotational except for some small re-
gion around the filament. In this way one can easily design
a background field that for instance guides the fluid motion
along a certain path, see Figure 4. This gives artists a very
intuitive tool to control large scale features of the fluid mo-
tion. In addition, such background flows can be combined
with the simple image vorticity constuctions.

3.3. Conservation laws

The smooth system we have described is a Hamiltonian sys-
tem (see [EM70,AK98]), preserving the energy

E =∑
i, j

ΓiΓ j

8π

I I 〈γi(s),γ j(s̃))〉√
a2 +‖γi(s)− γ j(s̃)‖2

dsds̃. (7)

This energy has a nice geometric interpretation: It is the sum
of pair-wise fluxes, that the filaments induce to each others.
Physically, the energy is very closely related to the kinetic
energy T =

R
R3〈u(x),u(x)〉dx, in fact it is the kinetic energy

of a fluid with the same vortex filaments, but a slightly dif-
ferent core structure and radius. Another constant of motion
is the hydrodynamic impulse

A =∑
i

1
2

I
γi(s)× γ′i(s)ds (8)

whose geometric interpretation (for closed filaments) is the
following: For any plane n⊥ with unit normal vector n, the
signed area of the orthogonal projection of the filaments onto
that plane is 〈A,n〉. As a reference for Equations (7) and (8)
see [Saf92].

This invariant has an important consequence for the ge-
ometry of the filaments (see [Cho91]): Vortex filaments
stretch rapidly while evolving under the fluid flow. At the
same time, their projected area (for instance onto A⊥) stays
constant. This is only possible when the filaments fold, lead-
ing to very long and highly curved filaments. While folding,
nearby sections of the vortex filaments tend to align anti-
parallel, resulting in effectively canceling out each others’
contribution to the overall velocity field. A special case is the
creation of hairpins [Cho90,Cho93]. In slightly viscous flu-
ids, vortex reconnections occur at such anti-parallel aligned
filaments.

4. Polygonal discretization of smooth filaments

We start with the smooth hamiltonian system described in
Section 3.1 and discretize it by replacing the smooth vortex
filaments by polygons and advecting the polygon vertices
according to the dynamical system (4). In Section 4.1 we
will describe in detail the explicit integration of the velocity
field (Equation (6)) that is generated by a straight filament
edge. The resulting velocity field is obtained by summing up
over all edges. For a single step of the simulation we will

integrate the ODE (4) over the current time step Δt using a
standard forward integration scheme.

It turns out that, due to the discretization as polygons, the
locally induced velocity of the filaments gets lost. This hap-
pens since adjacent edges do not contribute to the velocity at
a vertex. The actual locally induced speed is proportional to
the smoke ring flow (5), which we cannot compute directly
for polygons. Instead, we apply one step of a time-discrete
evolution equation (the doubly-discrete smoke ring flow for
polygons derived in [PSW07]) that acts as a time integrator
of the smoke ring flow for polygons. In Section 4.3 we will
explain how to compute a single step of the evolution and
how to determine the necessary parameters.

4.1. Explicit integration of the Biot-Savart law

If γ is a piecewise linear parametrisation of a closed polygon,
on each edge we have γ′′ = 0 and we find an explicit anti-
derivative for the integrands of equation (6):

〈γ,γ′〉√
a2 + |γ|2 (|γ′|2a2 + |γ× γ′|2) γ× γ′. (9)

Here we have abbreviated x− γ(s) to γ, γ′(s) to γ′ and the
prime is derivation with respect to s.

More explicitly, regard a single edge with startpoint γ0 and
endpoint γ1: Then

γ(s) = γ0 + s(γ1 − γ0),

and the cross-product

γ(s)× γ′(s) = γ1 × γ0

does not depend on s. The generated velocity field at zero is

u(0) = 〈γ0,γ1〉
‖γ0‖2√

a2+‖γ0‖2
− ‖γ1‖2√

a2+‖γ1‖2

a2‖γ1 − γ0‖2 +‖γ1 × γ0‖2 γ1 × γ0, (10)

any other point x can be evaluated by replacing γi by γi − x.
This simple formula is actually surprising: Even for circu-
lar filaments the integration of the Biot-Savart formula (3)
requires elliptic functions. Also the modified kernel used
in [AN05] turns out to be much more expensive to evaluate,
it includes angle-computations that require evaluation of the
arctan-function.

4.2. Local effects at vertices

The two adjacent edges have no influence at all on the ve-
locity of a vertex. This is roughly equivalent to modelling
vortex tubes of thickness equal to the edge length of the
polygon. Using this model we would be unable to model
thin (and therefore fast) filaments without using excessively
many edges for each polygon.

Asymptotic analysis of the velocity field at such a vertex
induced by its two adjacent edges (see [Wei06]) reveals the
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Figure 5: An oval curve evolving under the smoke ring flow
and its discrete analog, from [Hofon].

following: The contribution of local effects behaves like the
smoke ring flow (5) and the resulting equation of motion for
a vertex γi of a polygonal vortex filament γ is then

γ̇i = u(γi)+λκibi, (11)

where u is given by summing up Equation (6) for all fil-
aments using (10), κibi denotes curvature times binormal
at γi, and λ is constant depending on a. The mathemat-
ical notion of curvature is only available for arc-length
parametrized polygons, i.e. all edges have equal length.
Since the non-local effects quickly destroy any arc-length
parametrisation we can not evaluate (11) directly.

On the other hand, it is known that the doubly discrete
smoke ring (or Hasimoto) flow [Hof00,Hofon,PSW07] cap-
tures excellently the qualitative behaviour of the smooth
smoke ring flow (5) for polygons, see Figure 5. Thus we
apply it as an integrator of the locally induced velocity term
κb.

4.3. The doubly-discrete smoke ring flow

The doubly-discrete smoke ring flow is a discrete evolution
equation for closed polygons. This means, given a closed
polygon γ, we can compute a new polygon γ̃, that cor-
responds to the time-evolution of the polygon under the
smooth smoke ring flow, see [Hof00, Hofon, PSW07]. One
step of this evolution is obtained by computing two succes-
sive closed Darboux transforms. The Darboux transform is
obtained from the initial polygon by elementary geometric
constructions (Darboux steps). This will be described in Sec-
tion 4.3.1.

A single step of the evolution depends on two parameters,
which determine the corresponding time step of the smooth
evolution. In Section 4.3.3 we will describe how to deter-
mine the required parameters in order to match the current
time step.

4.3.1. Darboux transforms of polygons

We start with the closed polygon γ, with vertices
γ1, γ2, . . . , γn and edges S1 = γ2−γ1, S2 = γ3−γ2, . . . , Sn =
γ1−γn. The Darboux transform η of γ is also a polygon with
the same number of edges, and same edge lengths. But η is
usually not closed, thus it has the vertices η1,η2, . . . ,ηn, η̃1

and edges S̃1 = η2−η1, S̃2 = η3−η2, . . . , S̃n = η̃1−ηn. The
Darboux transform has two real parameters, namely the dis-
tance parameter l > 0 as well as the twist parameter r. The
polygon η is obtained by the following procedure:

• Choose a start point η1 of η, with distance l from γ1. We
denote the distance vector η1 − γ1 by lT1, where T1 is a
unit vector, and l the distance.

• Map η1 to the next point η2 of η by a single Darboux step,
see below. The step depends only on the difference vector
lT1 and the first edge S1 of γ, and it has two important
properties:

– The distance between η2 and γ2 is also l:

η2 − γ2 = lT2.

– The edge lengths of η and γ are equal:

‖S1‖ = ‖S̃1‖.
• Now that we have obtained η2 we apply a Darboux step to

η2 to obtain η3 and so on. More precisely, we can replace
the indices 1 and 2 by i and i+1, which allows us to deter-
mine the next vertex ηi+1 as soon as we have determined
its predecessor ηi. Thus we transport the initial start point
η1 all around the polygon γ, and we finally arrive at η̃1.

A single Darboux step is given as a quaternionic equa-
tion, so we identify R

3 with the set of imaginary quaternions
ImH. From the current distance vector lTi and the current
edge Si of γ, we obtain lTi+1 as:

lTi+1 = (−r + lTi −Si)lTi(−r + lTi −Si)
−1. (12)

We can apply this equation iteratively to our initial distance
vector lT1 (between γ1 and the start point η1 of η) to obtain
the distance vector lT̃1 (between γ1 and the end point η̃1 of
η), and we will denote this map by f :

f : lT1 �→ lT̃1. (13)

For the doubly-discrete smoke ring flow we need to de-
termine a closed Darboux transform. Therefore we need to
determine the start point η1 in such a way that η is closed,
i.e. η̃1 = η1. This is the case when the initial distance vector
lT1 is a fixed point of f . To compute a fixed point we use
the power method, i.e. we start with some initial vector with
length l and iterate f until convergence.

4.3.2. A single Darboux step

Now we describe a single Darboux step that determines ηi+1
from ηi. Look at a single quadrilateral with the edges Si,
lTi+1, −S̃i, −lTi (Figure 6). Since opposite edges have equal
length, it is a parallelogram, folded about one of its diago-
nals. The folding angle about the diagonal between γi+1 and
ηi,

Di = ηi − γi+1 = lTi −Si,
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ηi

γi+1

lTi −Si

ηi+1

lTi+1

lTi

Siγi

S̃i

Figure 6: A polygon γ and a single edge S̃i of its Darboux
transform η.

is required to be

αi = 2arctan‖Di‖/r,

where the twist parameter r enters. This rule determines ηi+1
uniquely. In particular, the newly obtained distance vector
lTi+1 is obtained by an αi-degree rotation of the previous
distance vector lTi about the diagonal Di. By adding lTi+1 to
γi+1, we have obtained ηi+1.

This construction might be implemented by computing
the corresponding rotation matrix and apply it to lTi, but it is
much simpler to implement using quaternions, using Equa-
tion (12).

4.3.3. Parameters for the Darboux transforms

One step of the doubly-discrete smoke ring evolution is ob-
tained by two subsequent Darboux transforms, the first with
parameters l and +r, the second with parameters l and −r.
To determine l and r for a polygon γ with n vertices and total
length L, we regard a regular, planar n-gon γ̃ with the same
total length L and compute its self-induced speed:

Ũ = ‖u(γ̃i)‖.
Note that u(γi) (given by Equation (6)) is the same for each
vertex γ̃i and perpendicular to the n-gons plane.

Now we compare Ũ with the analytically known speed of
a smooth circular vortex filament with same length:

U =
Γ
2L

(
ln

4L
πa

−1

)
. (14)

The Darboux-transform η of a regular n-gon γ̃ is a shifted
copy of γ̃: It is rotated about the center axis with angle φ,
and translated along the center axis, with distance d. For the
combination of two successive Darboux transforms with pa-
rameters l and ±r the rotations will cancel, and the resulting
motion is a pure translation along the center axis, with dis-
tance 2d. The correct speed is obtained when

2d = Δt (U −Ũ).

Figure 7: Interactive smoke simulation in an immersive, dis-
tributed environment.

With a coice of the rotation angle φ = 2π/n, the parameters
turn out to be

l =
√

(L/n)2 +d2, r = d cot(π/n). (15)

4.4. Summary

We have presented all necessary formulas to compute a sin-
gle step of the evolution of polygonal vortex filaments. In
Equation (10) we have presented the explicit formula to
evaluate the velocity field induced by the individual edges.
We can use this to directly advect the filament vertices for
a given time step using a standard forward ODE integra-
tion scheme, for instance the Runge-Kutta scheme RK4. But
the resulting motion of the discrete filaments does not ad-
equately reproduce the physical system: It underestimates
the locally induced speed of the individual filaments. We ac-
count for this by applying a single step of the doubly-discrete
smoke ring flow evolution to each of the filaments. Therefore
one first needs to determine the twist parameter r and the
distance parameter l for the given time step, using the Equa-
tions (15) and (14). The step itself is obtained by computing
two successive Darboux transforms. This is done by deter-
mining a fixed point of the map defined in Equation (13),
which is itself defined by a sequence of Darboux steps (12).
The fixed point is obtained by applying the power method.

5. Implementation

We will now describe how to implement a fluid simulator
using the evolution of discrete vortex filaments. The imple-
mentation splits into two independent parts: The evolution
of vortex filaments, and the advection of particles. From
the evolving filaments, we obtain the current velocity vector
field at each time step. We can evaluate this velocity field on
the whole of R

3 using the Biot-Savart formula (6). We will
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use this velocity vector field for particle advection, using a
standard ODE integration scheme.

In our implementation this second part is implemented us-
ing a GLSL shader to perform particle advection on a GPU.
The filament simulation is implemented in a Java library.
The most expensive part of the filament simulation is the ad-
vection step which includes evaluations of the induced ve-
locity field at all filament vertices. A significant speed up
can be achieved when implementing this part on the GPU,
but in our experimental implementation we favor the greater
flexibility of a CPU implementation.

For particle advection we transfer the whole set of edges
to the GPU. This needs to be done in every time step. The
particle positions are also stored on the GPU, but they are
only transferred during the initialization of the simulation.
This allows to advect a large number of particles compared
to the number of filament edges, at interactive rates.

The implementation uses jReality [WGH∗09], which pro-
vides the infrastructure for interaction and rendering. Ap-
plications written in jReality will run also in distributed, im-
mersive virtual environments with head-tracking and tracked
input devices, see Figure 7. Interaction with the 3D scene
is usually done with a pointer device, which is the mouse
pointer in a default desktop setup and the 6DOF tracked
wand in an immersive environment.

5.1. Filament evolution

Each simulation step of the filament evolution consists of the
two steps:

1. Evolve each filament by one step of the doubly-discrete
smoke ring evolution, by computing two successive Dar-
boux transforms.

2. Advect the vertices of the filaments according to the evo-
lution Equation (4), using a standard ODE integration
scheme. The right hand side is obtained by implementing
Equation (10) and summing up over all filament edges.

5.1.1. Implementation of the doubly-discrete smoke
ring evolution

To compute one step of the doubly-discrete smoke ring evo-
lution for time step Δ t we need to do the following:

1. Determine the length L and number of vertices n of γ.
2. Compute U according to Equation (14).
3. Compute Ũ . Construct a reference n-gon with same

length as γ and evaluate its own induced speed at a vertex.
4. Compute l and r according to Equations (15).
5. Compute the Darboux-transform η of γ with parameters

l and r.
6. Compute the Darboux-transform γ̂ of η with parameters

l and −r.

Now γ̃ is the required step of the doubly-discrete smoke ring
evolution of γ.

We will now explicitly implement the computation of the
Darboux-transform. The following pseudocode assumes that
vectors in R

3 are implemented by a class real3 and quater-
nions are implemented in a class quat. Quaternions are
constructed by passing the real part as a double and the
imaginary part as a real3. The two classes have all stan-
dard operators implemented, quat.inverse() gives the
inverse of a quaternion. A polygon is stored as a vector
containing all polygon vertices.

First, we implement a single Darboux step, as described
in Equation (12):

r ea l 3 d a r b o u x _ s t e p ( r ea l 3 S_i , r ea l 3 lT_ i , double r ) {
quat r lT_S = quat(−r , l T _ i − S_i ) ;
quat lT = quat ( 0 , l T _ i ) ;
quat l T n e x t = r lT_S∗ lT∗ r lT_S . i n v e r s e ( ) ;
re turn l T n e x t . imag ( ) ;

}

Then we compute the end vector lT̃1 for a given start vector
lT1, see Equation (13):

r ea l 3 monodromy ( ve c t o r < rea l3 > gamma , r ea l 3 lT_1 , double r ) {
r ea l 3 lT = r ea l 3 ( lT_1 ) ;
f o r ( i n t i =0 ; i <n ; i ++) {

r ea l 3 S_i = gamma [ i +1]−gamma [ i ] ;
lT = d a r b o u x _ s t e p ( S_i , lT , r ) ;

}
re turn lT ;

}

Now we determine a start vector lT that leads to a closed
Darboux transform. This vector is a fixed point that we deter-
mine by applying the power method to the previous method:

r ea l 3 power_method ( v e c t o r < rea l3 > gamma , double l , double r ) {
r ea l 3 lT = r ea l 3 ( 0 , 0 , l ) ;
f o r ( i n t i =0 ; i <MAX_ITERS ; i ++) {

r ea l 3 l a s t L T = r ea l 3 ( lT ) ;
lT = monodromy ( gamma , lT , r ) ;
i f ( ( lT − l a s t L T ) . norm ( ) < EPS ) re turn lT ;

}
/ / s i g n a l : " d i d no t conve rge "

}

Finally, we construct the closed Darboux transform η using
the start vector lT that gives a closed solution:

void darboux ( v e c t o r < rea l3 > gamma ,
v e c t o r < rea l3 > e t a , double l , double r ) {

r ea l 3 lT = power_method ( gamma , l , r ) ;
f o r ( i n t i =0 ; i <n ; i ++) {

e t a [ i ]=gamma [ i ]+ lT ;
r ea l 3 S_i = gamma [ i +1]−gamma [ i ] ;
lT = d a r b o u x _ s t e p ( S_i , lT , r ) ;

}
}

Note that in some rare cases the power method might fail
to converge (which usually does not happen in our simu-
lations). In this case we just skip the computation of the
Darboux transform. To handle these cases also, a more so-
phisticated method, for instance the periodic QR decomposi-
tion [Kre06], needs to be implemented to determine the fixed
point.
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Figure 8: Control of large scale flow features. The image
shows the evolution of a jet, guided along a spiral curve us-
ing a discretized vortex tube.

5.2. Particle advection

Particle advection is performed using the second-order
Runge-Kutta scheme. This scheme requires the velocity field
(and thus the filaments) only at t = ti +Δt /2, other schemes
would require more filament positions during one time step,
resulting in higher traffic between CPU and GPU memory.
The advection step of a particle is implemented as a GLSL
fragment shader. The fragment shader iterates all vortex fil-
ament edges, transforms them such that the evaluation point
is at the origin, evaluates the velocity field generated by the
current edge, and sums up.

5.3. Rendering

Our focus is the real-time interactive simulation algorithm,
rather than rendering. For this reason we have choosen the
cheapest and fastest way to render the marker particles: As
plain, unshaded, highly transparent points.

5.4. Interaction

Our implementation contains several modelling tools for in-
teractive design of fluid motion. The tools to design an initial
setup:

Filament editor: Closed polygonal vortex filaments can be
modelled as an initial vorticity configuration. Each closed
polygon has an assiciated strength Γ and a thickness pa-
rameter a. Figure 1 has been made using three initial fila-
ments.

Figure 9: Simulation of a jet. The left picture shows 10242

particles, injected into the flow from a circular curve at the
bottom, where also the filaments are inserted. The right hand
side shows the vortex filaments at the same time of the simu-
lation.

Vortex tube: Static vortex filaments can be placed along
the cross-sections of a tube, which is modelled by its cen-
ter curve and a given radius. This is used to model a back-
ground flow that guides the overall motion of the fluid, see
Figures 4, 8.

Jet emitter: A jet is simulated by frequent emission of cir-
cular filaments. This is possible since the originally cre-
ated vortex sheet rolls up to vortex core structures (Sec-
tion 3). To break symmetry, a random distortion is applied
to each filament. This was used in the Figures 8 and 9, and
also below the sphere in Figure 3.

For interaction during the simulation one can create new
smoke rings using the mouse or a wand in an immersive en-
vironment.

6. Results and discussion

The system we have described allows the interactive simula-
tion of 3D smoke on desktops and also in immersive virtual
environments. The system is able to simulate realistic and
physically accurate fluid motions using a small number of
filaments, as shown in the figures. Using the GPU it is possi-
ble to advect a large number of marker particles in real time.
Table 1 shows framerates measured on a Intel Core 2 Ex-
treme CPU X9650 3.00GHz with 4 GB RAM and a nVidia
GeForce 8800 Ultra GPU. Note that the frame rate is limited
to 200 fps by the update rate of the Java AWT event queue.

Because of the physically accurate Biot-Savart law, our
approach is independent of scale; scaling the fluid domain
will result in a correctly scaled velocity field. In contrast,
the method of Angelidis and Neyret requires adjustments of
parameters that are not physically meaningful. By the use of
the doubly-discrete smoke ring flow we are able to model
even thin filaments with a small number of edges.

The resulting simulations are accurate for a limited
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Table 1: Performance in fps inlcuding simulation and ren-
dering.

# Edges
# Particles 8 64 128 256 512

4096 >200 >200 180 115 9.4
16384 >200 >200 148 94 9.0
65536 195 126 90 56 8.1
262144 63 42 33 21.8 5.5
1048576 16.8 11.85 9.7 6.2 2.6

amount of time, even when the filaments incur long edges
and sharp cusps, see for instance the filaments shown in Fig-
ure 9. From the discussion about energy and the geometry of
the smooth filaments in Section 3.3 we conclude that poly-
gons need to be subdivided in order to capture the increas-
ing complexity of the smooth filaments. This will however
quickly lead to polygons with excessively many edges and
to edge lengths that cause problems to the numerics.

Previously described methods to increase stability for
long-time simulations can also be added to our method,
although they are not satisfying: An unnatural amount of
damping [AN05], and filtering of high frequencies of the fil-
aments [ANSN06]. We believe that in order to implement
long-time simulations one has to cope with the increasing
complexity of the filaments by handling topology changes
due to reconnections.

7. Conclusion and outlook

We have presented a method to simulate smoke that uses the
physically correct velocity field. Local effects are captured
by the doubly-discrete smoke ring flow. Thus the simulation
is physically accurate even for a coarse discretization of the
filaments. We have implemented the method for desktop and
immersive virtual environments. Using GPU techniques, our
solution runs in real time.

Current research aims to introduce arbitrary polygonal
meshes as boundary conditions, and to handle filament re-
connections.
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